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‣ Theoretical and experimental motivations
‣ A hybridized spin liquid -- reduced exchange couplings
‣ An itinerant Kondo liquid -- emergent heavy electrons
‣ A phenomenological two-fluid framework
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Heavy Fermion Superconductors



Heavy Fermions vs Cuprates

• An antiferromagnetic parent state, AFM&SC closely related
• A quantum critical point beneath the superconducting dome?
• Non-Fermi liquid behavior in the normal state
• Change of Fermi surface with pressure (doping)

Superconductivities are both mediated by spin fluctuations !

• Inhomogeneity (cuprates)
• Pseudo gap (cuprates)
• Rich variety in critical behaviors
• Microscopic coexistence of AFM&SC

Similarity Difference



Basic Models for Cuprates
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t-J model

It may therefore be possible to approximate the physics of doped system 
as an effective spin system plus some additional hole excitations.



Nakano Scaling and the Reduced Exchange Coupling

Nakano scaling

2D Heisenberg model

A reduced effective coupling

Nakano’s formula may be understood from a 2D Heisenberg lattice 
with a reduced exchange coupling.

Barzykin & Pines, 2009.



Two-Fluid Scenario for Cuprates

More Knight shift experiments argue against a single fluid picture.
In a two-fluid picture, the second component increases with increasing doping. Barzykin & Pines, 2009.

A reduced effective coupling



Theoretical Studies on Heavy Fermions
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Start from the Kondo Regime

Singley et al.  

Numerical Methods: EDMFT, DMFT(OCA), DMFT(CTQMC), etc

Hybridization gap

Fermi surface reconstruction



J → J̃ = Jfl(T )

Start from the Magnetic Regime

HKLM =
�

kσ

c
†
kσckσ + J

�

i

Si · si + JRKKY

�

�ij�

Si · Sj

No good solution to this model with 
nonlocal RKKY correlations.

1. Is the Fermi liquid really described by Kondo singlets?
2. What is the role of the RKKY interaction?
3. How can we determine these scales experimentally?

We may also start from the magnetic regime where the 
system can be well described by a spin lattice and see what
may happen if we introduce the hybridization.



A Hybridized Spin Liquid

Yang and Pines, PNAS 109, 18241 (2012)

Curie-Weiss law

J → J̃ = Jfl(T )

We may also start from the magnetic regime where the 
system can be well described by a spin lattice and see what
may happen if we introduce the hybridization.



Antiferromagnetism: Suppression of TN

Yang and Pines, PNAS 109, 18241 (2012)



Emergent Heavy Electrons: Knight Shift Anomaly

Yang & Pines, PRL 100, 096404 (2008)

CeCoIn5

Curro et al, PRL 90, 227202 (2003)



Emergent Heavy Electrons: Knight Shift Anomaly

Yang & Pines, PRL 100, 096404 (2008)Ka = K −K0 −Aχ = (B −A)χkl

χ = χsl + χkl

K = K0 +Aχsl +Bχkl

T < T ∗ :

χ = χslT > T ∗ :
K = K0 +Aχsl

CeCoIn5

Curro et al, PRL 90, 227202 (2003)



Emergent Heavy Electrons: Knight Shift Anomaly

Yang & Pines, PRL 100, 096404 (2008)

Knight shift anomaly

Ka = K −K0 −Aχ = (B −A)χkl

χ = χsl + χkl

K = K0 +Aχsl +Bχkl

T < T ∗ :

χ = χslT > T ∗ :
K = K0 +Aχsl

CeCoIn5

Curro et al, PRL 90, 227202 (2003)The Knight shift anomaly is therefore
a strong evidence for the universality
of an emergent state in heavy electron
materials. It shouldn’t be ascribed to
crystal field effect.



Yang & Pines, PRL 100, 096404 (2008)

Hall coefficient

Hundley et al, PRB 70, 035113 (2004)
Nakajima et al, JPSJ 76, 024703 (2007)

Emergent Heavy Electrons: Hall Anomaly

Hundley et al, 2004



Further Experiment: μSR on (Ce1-xLax)2IrIn8

Ohishi et al, PRB 80, 25104 (2009)If the emergent state is real, what does it tell us about the
physics of heavy electron materials.



Yang & Pines, PRL 100, 096404 (2008)

LDA+DMFT for CeIrIn5

Shim et al, Science 318, 1615 (2007)

Agreement with LDA+DMFT calculation

How can it be?

The two-fluid scenario reflects the gradual screening of the local f-moments,
by their surrounding conduction electrons and neighboring f-electrons.



Tunneling into Heavy Electrons: The Fano Interference

Park et al, PRL 100, 177001 (2008)

entations are crucial to ensure their intrinsic and spectro-
scopic nature.

Normalized conductance spectra for the (001) and (110)
junctions are displayed in Figs. 1(a) and 1(b), respectively.
At high temperatures, the conductance curves of the (001)
junction are symmetric and flat, characteristic of simple
metallic junctions. As the temperature is reduced, they
become asymmetric and curved. This conductance
asymmetry begins at the HF coherence temperature T!

( " 45 K) [16] and increases with decreasing temperature
down to Tc (2.3 K), below which it remains constant. The
same behavior is observed in the (110) junction and the
data near and below Tc are shown in Fig. 1(b). A plot of the
ratio of the conductance values at #2 and $2 mV quanti-
fies this asymmetry [Fig. 1(c)]. According to the two-fluid
model proposed by Nakatsuji, Pines, and Fisk [16], the
spectral weight for the emerging HF liquid grows below T!

and saturates below Tc [16], and our conductance data
track this behavior.

The conductance near zero bias begins to be enhanced as
Tc is crossed and increases with decreasing temperature,
indicating its origin is AR. Conductance data at two tem-

peratures are compared for all three orientations in
Figs. 1(d) and 1(e). Three consistent and reproducible
characteristics are observed at low temperature, indicating
we are sampling intrinsic spectroscopic properties. First,
all spectra are asymmetric with the positive-bias side
(electrons flowing into CeCoIn5) always lower than the
negative-bias branch. We have seen similar conductance
asymmetry from more than 200 junctions on pure and Cd-
doped CeCoIn5 along all three directions. This is in strong
contrast with the symmetric conductance data we obtained
from junctions on non-HFS such as Nb, MgB2 [12], and
LuNi2B2C. All these observations strongly indicate that
the conductance asymmetry arises from intrinsic properties
in CeCoIn5. Second, the conductance enhancement occurs
over similar voltage ranges, "% &1–1:5' mV. Third, the
normalized zero-bias conductance (ZBC) ranges 1.10–
1.13, showing that our observed Andreev signal is much
smaller than the theoretical prediction of 100% [10]. We
reported [6] that it is too small to fully account for the
conductance spectra using the existing BTK models even
considering the mismatch in Fermi surface parameters,
nonzero Zeff , and large quasiparticle lifetime broadening
factor (!). Our model proposed below enables us to quan-
tify it successfully and elucidates properties of the HFS
state.

Conductance spectra for in-plane junctions are plotted in
Figs. 2(a) and 2(b). While both spectra exhibit similar
background asymmetry, differences in the subgap region
are striking. The (100) data appear rather flat, similar to the
(001) junction, whereas the (110) data are cusplike. This
shape difference persists even to higher temperature de-
spite an enhanced thermal population effect, indicating it is
intrinsic. We compare these data with calculated conduc-
tance curves using the d-wave BTK model [17], as shown
in Figs. 2(c) and 2(d) for antinodal and nodal junctions,
respectively. Both curves are identical at Zeff ( 0 but
quickly evolve in dramatically different manners with in-
creasing Zeff . For an antinodal junction, the ZBC is gradu-
ally suppressed and a double-peak structure develops for
Zeff " 0:3. For a nodal junction, the ZBC increases and the
subgap conductance narrows into a sharp peak. This is the
signature of Andreev bound states (ABS) which arise
directly from the sign change of the OP around the Fermi
surface [18]. We stress that the flat conductance shape
observed in the (100) junction can only occur for an anti-
nodal junction with Zeff ( 0:25–0:30 but cannot occur in a
nodal junction at any Zeff value. Meanwhile, the cusplike
feature in the (110) junction cannot occur in an antinodal
junction unless Zeff is small enough ( " 0:1), an unlikely
condition in N/HFS junctions; it can only be explained by a
sign change of the OP, ruling out anisotropic s wave. We
therefore assign the (100) and (110) orientations as the
antinodal and nodal directions, respectively, providing evi-
dences for dx2#y2-wave symmetry and resolving the con-
troversy on the locations of the line nodes [2–4]. Note this

FIG. 1 (color online). Normalized conductance spectra of
CeCoIn5=Au junctions (a) along (001) (after Ref. [6]) and
(b) along (110) orientations. Data are shifted vertically for
clarity. Note the temperature evolution of the background con-
ductance, whose asymmetry is quantified in (c) by the ratio
between conductance values at #2 mV and at $2 mV in (a).
The inset is a semilogarithmic plot (T! is the HF coherence
temperature). Junctions along three orientations are compared
in (d) at "400 mK and in (e) at "1:5 K.

PRL 100, 177001 (2008) P H Y S I C A L R E V I E W L E T T E R S week ending
2 MAY 2008

177001-2

A composite state of conduction and f-electrons

A theoretical explanation for the Fano line-shape in
 Yang, PRB 79, 241107(R) (2009)



Yang et al, PRL 103, 197004 (2009)

Knight shift anomaly

Kondo liquid is responsible for superconductivity.

Heavy Electron Condensation: Superconductivity



Yang et al, PRL 103, 197004 (2009)

Kondo liquid exhibits critical fluctuations

Heavy Electron Condensation: Critical Fluctuations



!

This illustrates the whole idea of the two fluid model. Each physical property is determined by a 
background contribution from the localized f-moments and a universal contribution from the Kondo liquid.

The two components are also responsible for the low temperature emergent ordered states.

f0>1, no f-moments

f0<1, f-moments exist

fl(T ) = 1− f0

�
1− T

T ∗

�1.5

A Two-fluid Scenario

A hybridization effectiveness that varies with temperature and pressure 
determines the properties of both normal and ground states



Thermodynamics: Entropy and Specific Heat

Yang and Pines, PNAS 109, 18241 (2012)



Transport: Anomalous Hall Effect

RH = R0 +Rs

Ordinary Hall coefficient Anomalous Hall coefficient

intrinsic
skew scattering
side-jump

Nagaosa et al., RMP 82, 1539 (2010)



RH = R0 +Rs

Ordinary Hall coefficient Anomalous Hall coefficient

intrinsic
skew scattering
side-jump

Fert & Levy, PRB 36, 1907 (1987)
Paschen et al, Physica B 359-361, 44 (2005)

independent local f-moments

Anomalous Hall Effect: Skew Scattering



RH = R0 +Rs

Ordinary Hall coefficient Anomalous Hall coefficient

intrinsic
skew scattering
side-jump

Kontani & Yamada, JPSJ 63, 2627 (1994)
Yamada et al, Prog Theor Phys, 89, 1155 (1993)

T~TM

broadening, the imaginary
part of the self-energy

resonant level

• in contradiction with Fert & Levy
• seldom observed

T

Anomalous Hall Effect: Coherent Contribution



RH = R0 +Rs

Ordinary Hall coefficient Anomalous Hall coefficient

intrinsic
skew scattering
side-jump

Kontani & Yamada, JPSJ 63, 2627 (1994)

T~TM

broadening, the imaginary
part of the self-energy

resonant level

• in contradiction with Fert & Levy
• seldom observed

T

Yang & Pines, PRL 100, 096404 (2008)

Anomalous Hall Effect: Coherent Contribution



Yang, arXiv:1207.0646 (2012).

Gnida et al, PRB 85, 060508 (2012).

Anomalous Hall Effect: Scaling



RH = R0 + rlρχl + rhχh

incoherent skew scattering from f-moments

coherent skew scattering from itinerant heavy f-electrons

Yang, arXiv:1207.0646 (2012). To prove this formula, we need to separate the two components.

Anomalous Hall Effect: Scaling



URu2Si2: Separation of Two Components

Ka = K −K0 −Aχ = (B −A)χkl

χ = χsl + χkl

K = K0 +Aχsl +Bχkl

T < T ∗ :

χ = χslT > T ∗ :
K = K0 +Aχsl

Bernal et al, Physica B, 281&282, 236 (2000)

K = K0 +Bχkl

χ = χkl

Kb = K −K0 −Bχ = (A−B)χsl

χsl = (K −K0 −Bχ)/(A−B)
χkl = (K −K0 −Aχ)/(B −A)

T < TL :

Yang, arXiv:1207.0646 (2012).
Shirer et al, PNAS 109, 18249 (2012).
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Anomalous Hall Effect: URu2Si2

RH = R0 + rlρχl + rhχh

incoherent skew scattering from f-moments

coherent skew scattering from itinerant heavy f-electrons

Yang, arXiv:1207.0646 (2012).



Anomalous Hall Effect: Ce2CoIn8

RH = R0 + rlρχl + rhχh

incoherent skew scattering from f-moments

coherent skew scattering from itinerant heavy f-electrons

Yang, arXiv:1207.0646 (2012).

If a separation is not available from other experiment,
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T*

TL

T0

Local moment regime

 Two fluid regime

Fermi liquid regime

RH = R0 + rlρχl + rhχh

incoherent skew scattering from f-moments

coherent skew scattering from itinerant heavy f-electrons

Yang, arXiv:1207.0646 (2012).
The Hall effect is therefore another evidence for the emergent state.

Anomalous Hall Effect: A New Scenario



Yang & Pines, PRL 100, 096404 (2008)

Knight shift anomaly Hall coefficient

Hundley et al, PRB 70, 035113 (2004)
Nakajima et al, JPSJ 76, 024703 (2007)

Universal Scaling vs Competing Scales

This universal scaling behavior seems to argue against 
the scenario based on competing scales. It could be that
Kondo coupling shows up in a different way in lattice system.



Yang & Pines, PRL 100, 096404 (2008)

A common T*~ 50K!

Singley et al.  

entations are crucial to ensure their intrinsic and spectro-
scopic nature.

Normalized conductance spectra for the (001) and (110)
junctions are displayed in Figs. 1(a) and 1(b), respectively.
At high temperatures, the conductance curves of the (001)
junction are symmetric and flat, characteristic of simple
metallic junctions. As the temperature is reduced, they
become asymmetric and curved. This conductance
asymmetry begins at the HF coherence temperature T!

( " 45 K) [16] and increases with decreasing temperature
down to Tc (2.3 K), below which it remains constant. The
same behavior is observed in the (110) junction and the
data near and below Tc are shown in Fig. 1(b). A plot of the
ratio of the conductance values at #2 and $2 mV quanti-
fies this asymmetry [Fig. 1(c)]. According to the two-fluid
model proposed by Nakatsuji, Pines, and Fisk [16], the
spectral weight for the emerging HF liquid grows below T!

and saturates below Tc [16], and our conductance data
track this behavior.

The conductance near zero bias begins to be enhanced as
Tc is crossed and increases with decreasing temperature,
indicating its origin is AR. Conductance data at two tem-

peratures are compared for all three orientations in
Figs. 1(d) and 1(e). Three consistent and reproducible
characteristics are observed at low temperature, indicating
we are sampling intrinsic spectroscopic properties. First,
all spectra are asymmetric with the positive-bias side
(electrons flowing into CeCoIn5) always lower than the
negative-bias branch. We have seen similar conductance
asymmetry from more than 200 junctions on pure and Cd-
doped CeCoIn5 along all three directions. This is in strong
contrast with the symmetric conductance data we obtained
from junctions on non-HFS such as Nb, MgB2 [12], and
LuNi2B2C. All these observations strongly indicate that
the conductance asymmetry arises from intrinsic properties
in CeCoIn5. Second, the conductance enhancement occurs
over similar voltage ranges, "% &1–1:5' mV. Third, the
normalized zero-bias conductance (ZBC) ranges 1.10–
1.13, showing that our observed Andreev signal is much
smaller than the theoretical prediction of 100% [10]. We
reported [6] that it is too small to fully account for the
conductance spectra using the existing BTK models even
considering the mismatch in Fermi surface parameters,
nonzero Zeff , and large quasiparticle lifetime broadening
factor (!). Our model proposed below enables us to quan-
tify it successfully and elucidates properties of the HFS
state.

Conductance spectra for in-plane junctions are plotted in
Figs. 2(a) and 2(b). While both spectra exhibit similar
background asymmetry, differences in the subgap region
are striking. The (100) data appear rather flat, similar to the
(001) junction, whereas the (110) data are cusplike. This
shape difference persists even to higher temperature de-
spite an enhanced thermal population effect, indicating it is
intrinsic. We compare these data with calculated conduc-
tance curves using the d-wave BTK model [17], as shown
in Figs. 2(c) and 2(d) for antinodal and nodal junctions,
respectively. Both curves are identical at Zeff ( 0 but
quickly evolve in dramatically different manners with in-
creasing Zeff . For an antinodal junction, the ZBC is gradu-
ally suppressed and a double-peak structure develops for
Zeff " 0:3. For a nodal junction, the ZBC increases and the
subgap conductance narrows into a sharp peak. This is the
signature of Andreev bound states (ABS) which arise
directly from the sign change of the OP around the Fermi
surface [18]. We stress that the flat conductance shape
observed in the (100) junction can only occur for an anti-
nodal junction with Zeff ( 0:25–0:30 but cannot occur in a
nodal junction at any Zeff value. Meanwhile, the cusplike
feature in the (110) junction cannot occur in an antinodal
junction unless Zeff is small enough ( " 0:1), an unlikely
condition in N/HFS junctions; it can only be explained by a
sign change of the OP, ruling out anisotropic s wave. We
therefore assign the (100) and (110) orientations as the
antinodal and nodal directions, respectively, providing evi-
dences for dx2#y2-wave symmetry and resolving the con-
troversy on the locations of the line nodes [2–4]. Note this

FIG. 1 (color online). Normalized conductance spectra of
CeCoIn5=Au junctions (a) along (001) (after Ref. [6]) and
(b) along (110) orientations. Data are shifted vertically for
clarity. Note the temperature evolution of the background con-
ductance, whose asymmetry is quantified in (c) by the ratio
between conductance values at #2 mV and at $2 mV in (a).
The inset is a semilogarithmic plot (T! is the HF coherence
temperature). Junctions along three orientations are compared
in (d) at "400 mK and in (e) at "1:5 K.

PRL 100, 177001 (2008) P H Y S I C A L R E V I E W L E T T E R S week ending
2 MAY 2008

177001-2

Park et al., PRL 2008

Yi-feng Yang et al, Nature 454, 611 (2008).

Malinowski et al, PRB 2005 Curro et al, PRB 2001 Hundley et al, PRB 2004

Park et al, PRL 2008 Martinho et al, PRB 2007

CeCoIn5

Unification of Scales



• T* cannot be ascribed to the crystal field effect.

• T* cannot be the Kondo temperature since the entropy is Rln2/2 at TK.

• At T=T*, the magnetic entropy starts to be quenched. T* marks the onset of 
magnetic correlation.

• Another possibility: T* originates from the spin-correlation between f-ions

•Resistivity
•Susceptibility
•Knight shift anomaly
•Hall anomaly
•Optical conductivity
•Magnetic entropy
• Point contact spectroscopy
•Neutron/Raman scattering
•NMR spin-lattice relaxation

Onset of magnetic correlation at T*

Yang et al, Nature 454, 611 (2008).

Nakatsuji et al



Inter-site coupling origin of T*

conduction 

electrons 

Kondo lattice model 

Ce 

J: Kondo coupling 

JRKKY ~ J2 

induced exchange coupling 

Yang et al, Nature 454, 611 (2008).



Inter-site coupling origin of T*

A systematic analysis suggests that T* originates from the inter-ion RKKY coupling instead of the Kondo temperature.

conduction 

electrons 

Kondo lattice model 

Ce 

J: Kondo coupling 

JRKKY ~ J2 

induced exchange coupling 

Yang et al, Nature 454, 611 (2008).



NRG calculation for two impurities

Zhu & Zhu, PRB 83, 195103 (2011)



transfer of spectral weight from localized f-moments to itinerant 
f-electrons due to collective hybridization

f0

�
1− TL

T∗

�1.5

= 1

Coherence, magnetic correlations, anomalies

There may also exist AFM from the Kondo liquid (UNi2Al3 compared to UPd2Al3)

A New Framework

Yang and Pines, PNAS 109, 18241 (2012)



transfer of spectral weight from localized f-moments to itinerant 
f-electrons due to collective hybridization
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Coherence, magnetic correlations, anomalies

There may also exist AFM from the Kondo liquid (UNi2Al3 compared to UPd2Al3)

A New Framework

Yang and Pines, PNAS 109, 18241 (2012)

Park et al Nature 2008



More Experiments to be Done

Work supported by IOP, CAS, NSF-China!

‣ Further examination of the emergent state in NMR, Hall etc
‣ Comparing T* and TK with pressure experiment like in La-doped CeRhIn5

‣ Detecting two coexisting fluids. How? (Neutron, ESR ...)
‣ Measurement of Fermi surface evolution at TL

‣ Relation between Kondo liquid scaling and quantum critical scaling

Nov 10, 2012－Workshop on “Heavy Fermions and Quantum Phase Transitions”
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Strongly recommended!

Lonzarich’s commentary, PNAS, November 6, 2012.


