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FIGURE 1. Depicting localized 4 f , 5 f and 3d atomic wavefunctions.

represented by a single, neutral spin operator

�S=
h̄

2
�σ

where �σ denotes the Pauli matrices of the localized electron. Localized moments de-

velop within highly localized atomic wavefunctions. The most severely localized wave-

functions in nature occur inside the partially filled 4 f shell of rare earth compounds

(Fig. 1) such as cerium (Ce) or Ytterbium (Yb). Local moment formation also occurs

in the localized 5 f levels of actinide atoms as uranium and the slightly more delocal-

ized 3d levels of first row transition metals(Fig. 1). Localized moments are the origin

of magnetism in insulators, and in metals their interaction with the mobile charge car-

riers profoundly changes the nature of the metallic state via a mechanism known as the
“Kondo effect”.

In the past decade, the physics of local moment formation has also reappeared in

connection with quantum dots, where it gives rise to the Coulomb blockade phenomenon

and the non-equilibrium Kondo effect.
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A lot of action takes place 
at the localization frontier!

Localized degrees of freedom drive the 
emergent physics in f and d electron materials.

The d-f connection provides an unprecedented opportunity to develop a unified 
understanding of the frontier of magnetism, superconductivity and novel quantum materials. 
f-electrons, with their diversity and tunability, offer many experimental and theoretical 
advantages for research.
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- Vortex model for intrinsically quantum critical YbAlB4.
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Mind the pseudogap
The discovery of predicted collective electronic behaviour in copper-oxide 
superconductors in the non-superconducting state provides clues to unlocking the 
24-year-old mystery of high-temperature superconductivity. S L .283

C H A N D R A  V A R M A

The phenomenon of high-temperature 
superconductivity is a beautiful and 
well-posed scientific problem with 

many facets. On page 283 of this issue, Li et al.1 
report observing a special kind of intense col-
lective electronic fluctuation in the most 
mysterious phase of matter exhibited by high-
temperature superconducting copper-oxide 
materials (cuprates). Taken together with pre-
vious experimental2–6 and theoretical7 work, 
this observation significantly narrows the 
range of directions likely to be fruitful in the 
quest to understand high-temperature super-
conductivity. The authors performed their 
experiments in two samples of HgBa2CuO4+δ, 
which has one of the simplest crystal structures 
of any of the cuprate families and is ideal for 
such studies.

Li and colleagues’ experiments1 pertain to 
the pseudogap region of the phase diagram of 
the cuprates (Fig. 1), a sort of precursor state 
to the superconducting phase that most con-
densed-matter physicists regard as the Rosetta 
Stone for discovering the physical principles 
that underlie the cuprates’ behaviour. On 
entering the pseudogap region, at a temper-
ature below T* but above the temperature 
below which superconductivity emerges (Tc), 
all cuprates’ thermodynamic and electronic-
transport properties change by a large amount 
owing to the materials’ loss of low-energy  
electronic excitations.

The pseudogap region is bounded on one 
side by a region of remarkably simple but 
unusual properties, which do not fit into the 
Fermi-liquid-type model that has been used to 
describe metals at low temperatures for about 
a hundred years. Some researchers got to grips 
with understanding this ‘strange-metal’ region 
early in the history of high-Tc superconduct-
ivity, by hypothesizing a quantum critical point 

in the dome-shaped superconductivity region 
of the phase diagram (Fig. 1). This point would 
occur at zero temperature and would involve 
a change in the symmetry of the mater ials’ 
electronic structure. Because Tc is determined 
by the materials’ collective electronic excita-
tions in the non-superconducting state, it is 
un arguable that the coupling of electrons to 
such excitations in the strange-metal region 
and their modifications in the pseudogap 
region lead to high-Tc superconductivity.

If it exists, a quantum critical point in the 

Figure 1 | Phase diagram of the cuprates. At very 
low levels of electron–hole doping, cuprates are 
insulating and antiferromagnetic (the materials’ 
neighbouring spins point in opposite directions). 
At increased doping levels, they become 
conducting, and the exact temperature and doping 
level determine which phase of matter they will 
be in. At temperatures below Tc, they become 
superconducting, and at temperatures above Tc but 
below T* they fall into the pseudogap phase. The 
boundary of the pseudogap region at low doping 
levels is unknown. The transition between the 
Fermi-liquid phase and the strange-metal phase 
occurs gradually (by crossover). QCP denotes the 
quantum critical point at which the temperature 
T* goes to absolute zero. Li and colleagues’ study1 
pertains to the pseudogap phase.
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conditions. Both groups agree that, under  
conditions optimized by geneticists for growth 
in conventional laboratories, aneuploid cells 
usually divide less rapidly than cells with the 
normal chromosomal complement.

An important distinction in the methods 
used to generate the aneuploid strains might 
explain the differences in the findings2,7,8. 
Torres et al.7,8 engineered yeast cells with a  
haploid (single) set of chromosomes to carry 
one extra chromosome and then selected for 
faster growth using conventional lab condi-
tions for 9–14 days — a time frame during 
which mutations are expected to accumulate. 
By contrast, Pavelka et al. analysed strains that 
often carried multiple aneuploid chromosomes 
and, importantly, minimized the number of 
generations before analysis. This illustrates a 
crucial truism of experimental genetics: you 
get what you select for.

Pavelka and co-workers also directly 
address a controversy concerning the role of 
excess proteins in aneuploid cells. Previously, 
Torres et al.7 proposed that there is a specific 
set of genes and proteins that are regulated in 
response to aneuploidy in general. In their 
more recent study8, they showed that some 
20% of proteins exhibit levels that do not 
track with gene copy number, and that a large 
proportion of these proteins are members of 
macromolecular complexes. By contrast, other 
groups9,10 have found that the levels of most 
proteins generally reflect changes in chromo-
some copy number and that less than 5% of 
the proteins exhibit ‘dosage compensation’ 
— whereby the relative protein level is inde-
pendent of gene-copy number. Pavelka et al. 
specifically test this hypothesis by quantitative 
mass spectrometry of about 2,000 proteins in 
each of five aneuploid strains and do not find 
compelling evidence for specific dosage com-
pensation of protein-complex components.  

Overall, these studies2,7–10 are consistent with 
the idea that aneuploidy is not a single, unique 
state and that all aneuploid strains do not share 
a single, common phenotype or protein profile.  
Rather, different aneuploid strains use differ-
ent mechanisms for optimal growth under  
different conditions. This conclusion may be 
less satisfying than a single, simple answer, 
especially given the crucial implications for  
cancer cells: it remains unclear whether  
cancer cells divide uncontrollably because 
they are aneuploid and/or because they have  
accumulated mutations that allow them to  
tolerate aneuploidy. But it should be remem-
bered that work on cancer cells themselves11 
suggests that not all aneuploidies are equal: 
aneuploidy can either promote or inhibit  
tumorigenesis, depending on the context. 
Pavelka and colleagues’ work2 therefore  
supports the idea that, whereas mutations  
can facilitate the proliferation of aneuploid 
cells, aneuploidy itself can be sufficient to  
provide a growth advantage under a broad 
range of stress conditions. 
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transport properties change by a large amount 
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The pseudogap region is bounded on one 
side by a region of remarkably simple but 
unusual properties, which do not fit into the 
Fermi-liquid-type model that has been used to 
describe metals at low temperatures for about 
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with understanding this ‘strange-metal’ region 
early in the history of high-Tc superconduct-
ivity, by hypothesizing a quantum critical point 
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occur at zero temperature and would involve 
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electronic structure. Because Tc is determined 
by the materials’ collective electronic excita-
tions in the non-superconducting state, it is 
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and their modifications in the pseudogap 
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Figure 1 | Phase diagram of the cuprates. At very 
low levels of electron–hole doping, cuprates are 
insulating and antiferromagnetic (the materials’ 
neighbouring spins point in opposite directions). 
At increased doping levels, they become 
conducting, and the exact temperature and doping 
level determine which phase of matter they will 
be in. At temperatures below Tc, they become 
superconducting, and at temperatures above Tc but 
below T* they fall into the pseudogap phase. The 
boundary of the pseudogap region at low doping 
levels is unknown. The transition between the 
Fermi-liquid phase and the strange-metal phase 
occurs gradually (by crossover). QCP denotes the 
quantum critical point at which the temperature 
T* goes to absolute zero. Li and colleagues’ study1 
pertains to the pseudogap phase.
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conditions. Both groups agree that, under  
conditions optimized by geneticists for growth 
in conventional laboratories, aneuploid cells 
usually divide less rapidly than cells with the 
normal chromosomal complement.

An important distinction in the methods 
used to generate the aneuploid strains might 
explain the differences in the findings2,7,8. 
Torres et al.7,8 engineered yeast cells with a  
haploid (single) set of chromosomes to carry 
one extra chromosome and then selected for 
faster growth using conventional lab condi-
tions for 9–14 days — a time frame during 
which mutations are expected to accumulate. 
By contrast, Pavelka et al. analysed strains that 
often carried multiple aneuploid chromosomes 
and, importantly, minimized the number of 
generations before analysis. This illustrates a 
crucial truism of experimental genetics: you 
get what you select for.

Pavelka and co-workers also directly 
address a controversy concerning the role of 
excess proteins in aneuploid cells. Previously, 
Torres et al.7 proposed that there is a specific 
set of genes and proteins that are regulated in 
response to aneuploidy in general. In their 
more recent study8, they showed that some 
20% of proteins exhibit levels that do not 
track with gene copy number, and that a large 
proportion of these proteins are members of 
macromolecular complexes. By contrast, other 
groups9,10 have found that the levels of most 
proteins generally reflect changes in chromo-
some copy number and that less than 5% of 
the proteins exhibit ‘dosage compensation’ 
— whereby the relative protein level is inde-
pendent of gene-copy number. Pavelka et al. 
specifically test this hypothesis by quantitative 
mass spectrometry of about 2,000 proteins in 
each of five aneuploid strains and do not find 
compelling evidence for specific dosage com-
pensation of protein-complex components.  

Overall, these studies2,7–10 are consistent with 
the idea that aneuploidy is not a single, unique 
state and that all aneuploid strains do not share 
a single, common phenotype or protein profile.  
Rather, different aneuploid strains use differ-
ent mechanisms for optimal growth under  
different conditions. This conclusion may be 
less satisfying than a single, simple answer, 
especially given the crucial implications for  
cancer cells: it remains unclear whether  
cancer cells divide uncontrollably because 
they are aneuploid and/or because they have  
accumulated mutations that allow them to  
tolerate aneuploidy. But it should be remem-
bered that work on cancer cells themselves11 
suggests that not all aneuploidies are equal: 
aneuploidy can either promote or inhibit  
tumorigenesis, depending on the context. 
Pavelka and colleagues’ work2 therefore  
supports the idea that, whereas mutations  
can facilitate the proliferation of aneuploid 
cells, aneuploidy itself can be sufficient to  
provide a growth advantage under a broad 
range of stress conditions. 
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YbRh2Si2 : Field tuned quantum 
criticality.

What is the nature of the quantum 
criticality and the strange metal?

Reminiscent of cuprate sc at optimal doping.
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Quasiparticles with Giant Ising 
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FIG. 3: a, Schematic showing the polarization of a parabolic
band caused by Zeeman splitting 2h resulting in the depopu-
lation of the minority spin component above a characteristic
field Hp defined in Eqn (1), b, Polar plot of the measured
�-dependent e⇥ective g-factor in URu2Si2 [18, 30] (black cir-
cles) together with a fit to g⇤ = gz cos � (black circle), where
gz = 2.6 (assuming the pseudospin convention of 1

2 ), and its
comparison with an isotropic g = 2 (red circle). c, Schematic
of the field-dependent cross-sectional areas of the up and
down-spin components for a Fermi surface consisting of a sin-
gle pocket, together with the ‘back projected’ quantum oscil-
lation frequency before F and after F +�F polarization. d,
The same schematic in which the frequency change �F 0 re-
sulting from polarization is weaker due to additional pockets
acting as a thermal reservoir.

made complicated by the spin dependence of the e⇥ective
mass [31, 32], URu2Si2 proves to be a simple exception.
16 spin zeroes are observed in the angle-dependent am-
plitude on rotating ⌃ [18], enabling the angle-dependence
of g⇤ to be mapped to greater detail than in any other
known material [29]. Each spin zero corresponds to an
odd integer value of the product m⇤g⇤/me (where me

is the free electron mass) at which the contributions of
two spin components destructively interfere. On plot-
ting the ⌃-dependence of g⇤ obtained after dividing this
product by the ⌃-dependent e⇥ective mass, g⇤ can be
seen to be extremely anisotropic compared to that g ⌅ 2
of ordinary free electrons. Such anisotropy implies that
the spin quantum numbers of the local 5f2 moments in
URu2Si2 are incorporated into the Fermi surface [30].
While g⇤ ⌅ 0 when H lies in the planes, reflecting the
vanishing Pauli susceptibility at that orientation, it rises
to a large value g⇤ ⌅ 2.6 when H is aligned along the
c-axis (as in the current experiment) causing spin polar-
ization to become a significant factor. In Fig. 1b we use
g⇤ ⌅ 2.6 to estimate the field

µ0Hp =
2Fme

m⇤g⇤
(1)

at which each pocket is expected to become spin polar-
ized. On comparing these values with the average inverse
applied magnetic field 1/(1/H), the frequency shifts tak-
ing place on entering magnetoresistance regimes IB and
IC can be seen to be correlated with the respective po-
larization of ⇤ and ⇥ (with ⇧ already being polarized for
µ0H ⇧ 11 T). Uncertainty in our estimated Hp values

originates from the experimental error in m⇤ and non-
linarities in the magnetization � the latter becoming rel-
evant above ⇤ 30 T [25, 26]. The observation of spin
zeroes in URu2Si2 [18] implies that the Zeeman splitting
is very linear (i.e. exhibiting spin-independent masses)
for H . 20 T.

To understand the shifts in frequency, we turn to the
schematics in Figs. 3c and d. For H < Hp, the field-
dependent Zeeman split pocket areas (Fig. 3c) yield a
‘back projected’ constant frequency of F = ( ~

2⇡e )A0,
where A0 is the area at H = 0, and a spin damping
factor Rs = cos(⇡m

⇤g⇤

2me
) [29] resulting from the relative

shift in phase between spin-up and -down quantum os-
cillations. Once H > Hp, however, the areas no longer
change with field, giving rise to a ‘back projected’ fre-
quency of F+�F ⌅ 3

⌥
4F that is shifted from its original

value. Here, we assume ellipsoidal pockets whose k-space
volumes for a single spin are double those for two spins.

The combined thermal mass (i.e. the Sommerfeld co-
e⇧cient) of multiple pockets in URu2Si2 will act as a
charge reservoir, causing the frequency shift to be re-
duced. The size of the reduction is approximately given
by the ratio �iP

i �i
of the thermal mass ⇤i ⌃ n

⌥
Fm⇤ of

the pocket undergoing polarization to the total thermal
mass

P
i ⇤i of all pockets (i = �, ⇥, ⇤, ⇧ and ⌅). Hence

�F 0 ⇤ �F ⇥
� �iP

i �i

�
. An inevitable consequence of the

minority spin being depopulated at Hp is that the chem-
ical potential must become field-dependent in order to
maintain charge neutrality, causing a shift in the back-
projected frequency of all pockets [28] � the sign of the
shift being opposite for opposing carrier types (i.e. � and
⇥ shift in opposite directions consistent with band pre-
dictions [11]). If we assume that all pockets occur once
in the Brillouin zone such that n = 1, with the exception
of ⇥ for which n = 4 [11, 24], we obtain �F 0 ⇤ 20 T and
150 T for the polarization of the ⇤ and ⇥ pockets respec-
tively. We can now understand why the second frequency
shift (between IB and IC) involving the ⇥ pocket polar-
ization is larger than the first (between IA and IB) in
Fig. 2� the ⇥ pocket represents a significantly greater
fraction of the total density-of-states.

While the non-linear magnetic susceptibility at fields
above ⌅ 30 T [25, 26] likely invalidates the simple form
assumed in Eqn (1) within that regime, the irregular ap-
pearance of the waveform and significant changes in the
Hall e⇥ect [27] suggest that �, ⌅ or both become polar-
ized in region ID. It is therefore likely that the polar-
ization of the majority of the Fermi surface precedes the
destruction of the HO phase I at ⌅ 35 T [26]. Finally,
in Fig. 4 we turn to the oscillatory structures obtained
within phases V and III on rising and falling magnetic
field � the hysteresis (see Fig. 1a) [4] causing the field
interval within each phase to become dependent on the
field sweep direction. The spacing in 1/H between con-
secutive oscillations corresponds to dominant frequencies
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made complicated by the spin dependence of the e⇥ective
mass [31, 32], URu2Si2 proves to be a simple exception.
16 spin zeroes are observed in the angle-dependent am-
plitude on rotating ⌃ [18], enabling the angle-dependence
of g⇤ to be mapped to greater detail than in any other
known material [29]. Each spin zero corresponds to an
odd integer value of the product m⇤g⇤/me (where me

is the free electron mass) at which the contributions of
two spin components destructively interfere. On plot-
ting the ⌃-dependence of g⇤ obtained after dividing this
product by the ⌃-dependent e⇥ective mass, g⇤ can be
seen to be extremely anisotropic compared to that g ⌅ 2
of ordinary free electrons. Such anisotropy implies that
the spin quantum numbers of the local 5f2 moments in
URu2Si2 are incorporated into the Fermi surface [30].
While g⇤ ⌅ 0 when H lies in the planes, reflecting the
vanishing Pauli susceptibility at that orientation, it rises
to a large value g⇤ ⌅ 2.6 when H is aligned along the
c-axis (as in the current experiment) causing spin polar-
ization to become a significant factor. In Fig. 1b we use
g⇤ ⌅ 2.6 to estimate the field

µ0Hp =
2Fme

m⇤g⇤
(1)

at which each pocket is expected to become spin polar-
ized. On comparing these values with the average inverse
applied magnetic field 1/(1/H), the frequency shifts tak-
ing place on entering magnetoresistance regimes IB and
IC can be seen to be correlated with the respective po-
larization of ⇤ and ⇥ (with ⇧ already being polarized for
µ0H ⇧ 11 T). Uncertainty in our estimated Hp values

originates from the experimental error in m⇤ and non-
linarities in the magnetization � the latter becoming rel-
evant above ⇤ 30 T [25, 26]. The observation of spin
zeroes in URu2Si2 [18] implies that the Zeeman splitting
is very linear (i.e. exhibiting spin-independent masses)
for H . 20 T.

To understand the shifts in frequency, we turn to the
schematics in Figs. 3c and d. For H < Hp, the field-
dependent Zeeman split pocket areas (Fig. 3c) yield a
‘back projected’ constant frequency of F = ( ~

2⇡e )A0,
where A0 is the area at H = 0, and a spin damping
factor Rs = cos(⇡m

⇤g⇤

2me
) [29] resulting from the relative

shift in phase between spin-up and -down quantum os-
cillations. Once H > Hp, however, the areas no longer
change with field, giving rise to a ‘back projected’ fre-
quency of F+�F ⌅ 3

⌥
4F that is shifted from its original

value. Here, we assume ellipsoidal pockets whose k-space
volumes for a single spin are double those for two spins.

The combined thermal mass (i.e. the Sommerfeld co-
e⇧cient) of multiple pockets in URu2Si2 will act as a
charge reservoir, causing the frequency shift to be re-
duced. The size of the reduction is approximately given
by the ratio �iP

i �i
of the thermal mass ⇤i ⌃ n

⌥
Fm⇤ of

the pocket undergoing polarization to the total thermal
mass

P
i ⇤i of all pockets (i = �, ⇥, ⇤, ⇧ and ⌅). Hence

�F 0 ⇤ �F ⇥
� �iP

i �i

�
. An inevitable consequence of the

minority spin being depopulated at Hp is that the chem-
ical potential must become field-dependent in order to
maintain charge neutrality, causing a shift in the back-
projected frequency of all pockets [28] � the sign of the
shift being opposite for opposing carrier types (i.e. � and
⇥ shift in opposite directions consistent with band pre-
dictions [11]). If we assume that all pockets occur once
in the Brillouin zone such that n = 1, with the exception
of ⇥ for which n = 4 [11, 24], we obtain �F 0 ⇤ 20 T and
150 T for the polarization of the ⇤ and ⇥ pockets respec-
tively. We can now understand why the second frequency
shift (between IB and IC) involving the ⇥ pocket polar-
ization is larger than the first (between IA and IB) in
Fig. 2� the ⇥ pocket represents a significantly greater
fraction of the total density-of-states.

While the non-linear magnetic susceptibility at fields
above ⌅ 30 T [25, 26] likely invalidates the simple form
assumed in Eqn (1) within that regime, the irregular ap-
pearance of the waveform and significant changes in the
Hall e⇥ect [27] suggest that �, ⌅ or both become polar-
ized in region ID. It is therefore likely that the polar-
ization of the majority of the Fermi surface precedes the
destruction of the HO phase I at ⌅ 35 T [26]. Finally,
in Fig. 4 we turn to the oscillatory structures obtained
within phases V and III on rising and falling magnetic
field � the hysteresis (see Fig. 1a) [4] causing the field
interval within each phase to become dependent on the
field sweep direction. The spacing in 1/H between con-
secutive oscillations corresponds to dominant frequencies
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Kondo Insulators: SmB6 

Ø Magnetic susceptibility
   flattens out below 100 K

Ø Renormalized band insulator?
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Figure 17. (a) Dispersion produced by the injection of a composite fermion into the conduction sea. (b) Renormalized density of states,
showing ‘hybridization gap’ (!g).

• hybridization between the f-electron states and the con-
duction electrons builds an upper and lower Fermi band,
separated by an indirect ‘hybridization gap’ of width
!g = Eg(+) − Eg(−) ∼ TK, where

Eg(±) = λ ± V 2

D∓
(91)

and ±D± are the top and bottom of the conduction band.
The ‘direct’ gap between the upper and lower bands is
2|V |.

• From (89), the relationship between the energy of the
heavy electrons (E) and the energy of the conduc-
tion electrons (ε) is given by ε = E − |V |2/(E − λ),
so that the density of heavy-electron states ρ∗(E) =∑

k,± δ(E − E
(±)
k ) is related to the conduction electron

density of states ρ(ε) by

ρ∗(E) = ρ
dε

dE
= ρ(ε)

(
1 + |V |2

(E − λ)2

)

∼
{

ρ
(

1+ |V |2
(E−λ)2

)
outside hybridization gap,

0 inside hybridization gap,

(92)
so the ‘hybridization gap’ is flanked by two sharp peaks

of approximate width TK.
• The Fermi surface volume expands in response to the

injection of heavy electrons into the conduction sea,

NaD VFS

(2π)3 =
〈

1
Ns

∑

kσ

nkσ

〉

= Q + nc (93)

where aD is the unit cell volume, nkσ = a
†
kσakσ +

b†
kσbkσ is the quasiparticle number operator and nc is

the number of conduction electrons per unit cell. More

instructively, if ne = nc/a
D is the electron density,

e− density
︷︸︸︷
ne =

quasi particle density
︷ ︸︸ ︷
N

VFS

(2π)3 − Q

aD
︸︷︷︸

positive background

(94)

so the electron density nc divides into a contribution
carried by the enlarged Fermi sea, whose enlargement is
compensated by the development of a positively charged
background. Loosely speaking, each neutral spin in the
Kondo lattice has ‘ionized’ to produce Q negatively
charged heavy fermions, leaving behind a Kondo singlet
of charge +Qe (Figure 18).

To obtain V and λ, we must compute the free energy

F

N
= −T

∑

k,±
ln

[
1 + e−βEk±

]
+ Ns

( |V |2

J
− λq

)
(95)

+Qe

E(k) −(Q + nc)e

+
+

(a) (b)

++
+ +

++ Kondo singlets:
charged background.

Heavy electrons

−nce

−
−−

−−

Figure 18. Schematic diagram from Coleman, Paul and Rech
(2005a). (a) High-temperature state: small Fermi surface with a
background of spins; (b) Low-temperature state, where large Fermi
surface develops against a background of positive charge. Each
spin ‘ionizes’ into Q heavy electrons, leaving behind a a Kondo
singlet with charge +Qe. (Reproduced from P. Coleman, I. Paul,
and J. Rech, Phys. Rev. B 72, 2005, 094430, copyright  2005 by
the American Physical Society, with permission of the APS.)

E⇤
f

28

Neville	
  MoF	
  c.	
  1975



U/Δ

T

0

T	
  	
  
	
  U~

Δ

Local 
moments
 

Valence
Fluctuations
 

⇋

~T	
  	
  TK

Sc
al
in
g

Ce3+



U/Δ

T

0

T	
  	
  
	
  U~

Δ

Local 
moments
 

Valence
Fluctuations
 

⇋

~T	
  	
  TK

Sc
al
in
g

Kondo	
  	
  insulator

Adiaba.c

Band	
  	
  insulator
with	
  infinite	
  SO
coupling

Δg

Ce3+

“Ce4+	
  ”



30

e-­‐

e+

e

h

Topological insulator: adiabatically disconnected to 
vacuum.  

Vacuum

Topological	
  “insulator”



30

e-­‐

e+

Topological insulator: adiabatically disconnected to 
vacuum.  

Vacuum

Topological	
  “insulator”
Gap must close 
at interface between
two different vacua

e

h



30

e-­‐

e+

Topological insulator: adiabatically disconnected to 
vacuum.  

Vacuum

Topological	
  “insulator”
Gap must close 
at interface between
two different vacua

e

h

Metallic surfaces.



Are existing Kondo insulators weak or strong TI?
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YbAlB4: a possible vortex metal.
LETTERS

Superconductivity and quantum criticality in

the heavy-fermion system �-YbAlB

4
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A long-standing question in the field of superconductivity is
whether pairing of electrons can arise in some cases as a result
of magnetic interactions instead of electron–phonon-induced
interactions as in the conventional Bardeen–Cooper–SchrieVer
theory1. A major challenge to the idea of magnetically mediated
superconductivity has been the dramatically diVerent behaviour
of the cerium and ytterbium heavy-fermion compounds. The
cerium-based systems are often found to be superconducting1–6,
in keeping with a magnetic pairing scenario, but corresponding
ytterbium systems, or hole analogues of the cerium systems,
are not. Despite searches over two decades there has been
no evidence of heavy-fermion superconductivity in an
ytterbium system, casting doubt on our understanding of
the electron–hole parallelism between the cerium and the
ytterbium compounds. Here we present the first empirical
evidence that superconductivity is indeed possible in an
ytterbium-based heavy-fermion system. In particular, we observe
a superconducting transition at Tc = 80 mK in high-purity single
crystals of YbAlB4 in the new structural � phase7. We also observe
a novel type of non-Fermi-liquid state above Tc that arises
without chemical doping, in zero applied magnetic field and
at ambient pressure, establishing �-YbAlB4 as a unique system
showing quantum criticality without external tuning.

First we present the bulk magnetic and electronic properties
of �-YbAlB4, a new morphology of the previously known
�-YbAlB4 (refs 7,8). Shown in Fig. 1a is the orthorhombic crystal
structure of �-YbAlB4 and the temperature dependence of the
d.c. magnetic susceptibility ⌃ = M/H . Here, M and H represent
the magnetization and external field, respectively. The magnetic
susceptibility shows the strong uniaxial anisotropy of an Ising
system with moments aligned along the c axis. Above 100 K the
c-axis susceptibility has a Curie–Weiss form ⌃c(T) = C/(T � ⇤W),
with ⇤W ⌅ �210 K and a Curie constant C corresponding to
an eVective Ising moment µeV = gJJZ ⌅ 3.1 µB, where gJ is the
Landé g factor and JZ is the c-axis component of the total
angular momentum. The in-plane susceptibility, on the other
hand, is almost temperature independent, showing a weak peak
around 200 K.

Shown in Fig. 1b is the temperature dependence of the
in-plane resistivity, ⇧ab, along with the estimated 4f -electron

contribution ⇧m (defined in the figure caption), which shows
a coherence peak at about 250 K. The low residual resistivity
⇧ab(0) ⌅ 0.4 µ⇧ cm and correspondingly high residual resistivity
ratio, ⇧ab(300 K)/⇧ab(0) ⌅ 300, suggest that the electronic mean
free path is of the order of 0.1 µm.

In contrast to most other heavy-fermion compounds, the
resistivity does not show a Fermi liquid (FL) regime characterized
by a T 2 temperature variation (Fig. 1b). As shown in Fig. 1b
insets, ⇧ab is linear between 4 and 1 K and varies as T 1.5 below
T0 ⌅ 1 K down to 80 mK. Below 80 mK our highest-purity samples
are superconducting (Fig. 1b, insets). We shall return to this key
finding presently.

The eVect of an applied magnetic field on the temperature
dependence of the in-plane resistivity is shown in Fig. 2. It is seen
that the FL form of ⇧ab is rapidly restored in a magnetic field (blue
region in Fig. 2b) and that the non-FL form discussed above with
a temperature exponent of 1.5 (yellow region) exists only below
about 0.1 T.

As shown in Fig. 3a,b, non-FL behaviour is also seen in the
susceptibility ⌃c and the magnetic part of the specific heat CM

(defined in the figure caption). In zero magnetic field ⌃c ⌅ T�1/3

and CM/T ⌅ (S⇤/T⇤) ln(T⇤/T) up to crossover temperatures T0

of the order of 2 K and 3 K, respectively. The values of T0 for the
resistivity, susceptibility and specific heat are thus similar. A fit to
the specific-heat data gives S⇤ ⌅ 5.1 J/(mol Yb K), a value close to
R ln2. T⇤ ⌅ 200 K ⌅ ⇤W may be interpreted as the temperature at
which the entropy of a ground state doublet is recovered.

As in the cases of ⇧ab, we find that an applied field rapidly
restores FL behaviour, that is, both ⌃c and CM/T saturate at low
T . CM/T saturates at above 150 mJ/(mol Yb K2), a value consistent
with that expected for a heavy-fermion system.

The FL state can be characterized by the low-T limits of
A = (⇧ab(T)�⇧ab(0))/T 2, ⌃c and ⇥ = CM/T . In the following the
saturation values of ⌃c and CM/T are taken at 80 mK and 400 mK,
respectively. From Fig. 3c we see that in order of magnitude our
data roughly agree with the relations A ⇧⇥2 ⇧⌃2, so ⇥ ⇧⌃ in the FL
regime between 0.5 and 4 T. The ratio A/⇥2, the Kadowaki–Woods
ratio, is of order 3⇥10�5 µ⇧ cm K�2(mol K2 mJ�1)2 and similar to
that found in other heavy-fermion compounds9. The ratio ⌃/⇥
gives a Wilson ratio, RW = ⇡2k2

B/(µ0µ
2
eV)(⌃/⇥), of the order of
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QuantumCriticalityWithout Tuning in the
Mixed Valence Compound b-YbAlB4
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Fermi liquid theory, the standard theory of metals, has been challenged by a number of
observations of anomalous metallic behavior found in the vicinity of a quantum phase transition.
The breakdown of the Fermi liquid is accomplished by fine-tuning the material to a quantum
critical point by using a control parameter such as the magnetic field, pressure, or chemical
composition. Our high-precision magnetization measurements of the ultrapure f-electron–based
superconductor b-YbAlB4 demonstrate a scaling of its free energy that is indicative of zero-
field quantum criticality without tuning in a metal. The breakdown of Fermi liquid behavior takes
place in a mixed-valence state, which is in sharp contrast with other known examples
of quantum critical f-electron systems that are magnetic Kondo lattice systems with
integral valence.

Quantum phase transitions occur at zero
temperature as a consequence of quan-
tum rather than thermal correlations. Gen-

erally, a quantum critical point (QCP) can be
reached by driving a finite-temperature critical
point (1, 2) or a first-order critical end-point (3) to

absolute zero. The breakdown of Fermi liquid
(FL) behavior inmetals observed near amagnetic
QCP challenges our current understanding of
strongly correlated electrons. Although themech-
anism of unconventional quantum criticality is
actively debated, there is a growing consensus
that the underlying physics involves a jump in the
Fermi surface volume associated with a partial
electron localization (4–8). To date, the FL break-
down has only been observed by fine-tuning a
material to a QCP through use of a control pa-
rameter such asmagnetic field, pressure, or chem-
ical composition.

Recent work reporting the discovery of su-
perconductivity in an ytterbium (Yb)–based
heavy fermion material b-YbAlB4 has raised
the interesting possibility that this system may
exhibit quantum criticality without tuning (9).

In this compound, signatures of quantum crit-
icality were observed to develop above a tiny
superconducting (SC) dome, with a SC tran-
sition temperature of Tc ~ 80 mK and an upper
critical field m0Hc2 ≈ 30 mT (9, 10). Although
this observation motivated the possibility of a
zero-field QCP, it did not rule out a QCP located
near the upper critical field Hc2, as observed in
the heavy fermion superconductor CeCoIn5 (11).

In this report, we present clear and quanti-
tative evidence that quantum criticality develops
at zero field without tuning in b-YbAlB4, buried
deep inside the SC dome. Moreover, we report a
simple T/B–scaling form of the free energy
spanning almost four decades in magnetic field,
revealing that the signatures of the putative
quantum critical point extend up to temperatures
T and fields B more than 100 times larger than
Tc and m0Hc2, respectively.

To quantify the free energy F(T,B), we used
high-precision measurements of the magnetiza-
tion M = –∂F/∂B. Measurements were made on
ultrahigh-purity single crystals with a mean free
path exceeding 1000 Å and residual resistivity
of less than 0.6 microhm·cm, which were
carefully etched to fully remove surface impur-
ities (12). Our measurements revealed a simple
T/B scaling over a wide range of temperature
and field, governed by a single quantum-critical
(QC) scaling exponent previously masked (9)
by a limited experimental resolution and the
impurity effects caused by surface and bulk
impurities (12). The T/B scaling leads to the
following meaningful consequences. First, the
QC physics is self-similar over four decades of
T/B, with no intrinsic energy scale. Second, the
field-induced FL is characterized by a Fermi
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Fig. 1. (A) Crystal structures of b-YbAlB4 and a-YbAlB4, which are formed from straight
and zigzag arrangements of distorted hexagons of Yb atoms (shaded in red for the a
phase), respectively (17). The crystallographic unit cells of both phases are orthorhombic
and can be viewed as an interleaving of planar B nets and Yb/Al layers. (B) Magnetic part
( f-electron contribution) of the specific heat CM plotted as CM/T versus T for both b-YbAlB4
(solid circles) and a-YbAlB4 (open squares) (12). CM/T at B = 0 for the b phase shows a lnT
dependence for 0.2 K < T < 20 K. T0 ~ 200 K was determined from the fit to CM/T = S0/T0ln(T0/T). The upturn in the lowest Tmay contain a nuclear contribution.
(Inset) CM/T scaled by T0 compared with quantum critical systems CeCu5.9Au0.1 (T0 = 6.2 K) (14) and YbRh2(Si1−xGex)2 (T0 = 24 K) (2, 16). The lnT dependence of
the three QC materials collapse on top of each other using nearly the same coefficient S0 ~ 4 J/mole K, indicating a common meaning of T0 as the T scale below
which ~70% of the ground doublet entropy R ln2 is released.
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Fermi liquid theory, the standard theory of metals, has been challenged by a number of
observations of anomalous metallic behavior found in the vicinity of a quantum phase transition.
The breakdown of the Fermi liquid is accomplished by fine-tuning the material to a quantum
critical point by using a control parameter such as the magnetic field, pressure, or chemical
composition. Our high-precision magnetization measurements of the ultrapure f-electron–based
superconductor b-YbAlB4 demonstrate a scaling of its free energy that is indicative of zero-
field quantum criticality without tuning in a metal. The breakdown of Fermi liquid behavior takes
place in a mixed-valence state, which is in sharp contrast with other known examples
of quantum critical f-electron systems that are magnetic Kondo lattice systems with
integral valence.

Quantum phase transitions occur at zero
temperature as a consequence of quan-
tum rather than thermal correlations. Gen-

erally, a quantum critical point (QCP) can be
reached by driving a finite-temperature critical
point (1, 2) or a first-order critical end-point (3) to

absolute zero. The breakdown of Fermi liquid
(FL) behavior inmetals observed near amagnetic
QCP challenges our current understanding of
strongly correlated electrons. Although themech-
anism of unconventional quantum criticality is
actively debated, there is a growing consensus
that the underlying physics involves a jump in the
Fermi surface volume associated with a partial
electron localization (4–8). To date, the FL break-
down has only been observed by fine-tuning a
material to a QCP through use of a control pa-
rameter such asmagnetic field, pressure, or chem-
ical composition.

Recent work reporting the discovery of su-
perconductivity in an ytterbium (Yb)–based
heavy fermion material b-YbAlB4 has raised
the interesting possibility that this system may
exhibit quantum criticality without tuning (9).

In this compound, signatures of quantum crit-
icality were observed to develop above a tiny
superconducting (SC) dome, with a SC tran-
sition temperature of Tc ~ 80 mK and an upper
critical field m0Hc2 ≈ 30 mT (9, 10). Although
this observation motivated the possibility of a
zero-field QCP, it did not rule out a QCP located
near the upper critical field Hc2, as observed in
the heavy fermion superconductor CeCoIn5 (11).

In this report, we present clear and quanti-
tative evidence that quantum criticality develops
at zero field without tuning in b-YbAlB4, buried
deep inside the SC dome. Moreover, we report a
simple T/B–scaling form of the free energy
spanning almost four decades in magnetic field,
revealing that the signatures of the putative
quantum critical point extend up to temperatures
T and fields B more than 100 times larger than
Tc and m0Hc2, respectively.

To quantify the free energy F(T,B), we used
high-precision measurements of the magnetiza-
tion M = –∂F/∂B. Measurements were made on
ultrahigh-purity single crystals with a mean free
path exceeding 1000 Å and residual resistivity
of less than 0.6 microhm·cm, which were
carefully etched to fully remove surface impur-
ities (12). Our measurements revealed a simple
T/B scaling over a wide range of temperature
and field, governed by a single quantum-critical
(QC) scaling exponent previously masked (9)
by a limited experimental resolution and the
impurity effects caused by surface and bulk
impurities (12). The T/B scaling leads to the
following meaningful consequences. First, the
QC physics is self-similar over four decades of
T/B, with no intrinsic energy scale. Second, the
field-induced FL is characterized by a Fermi
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Fig. 1. (A) Crystal structures of b-YbAlB4 and a-YbAlB4, which are formed from straight
and zigzag arrangements of distorted hexagons of Yb atoms (shaded in red for the a
phase), respectively (17). The crystallographic unit cells of both phases are orthorhombic
and can be viewed as an interleaving of planar B nets and Yb/Al layers. (B) Magnetic part
( f-electron contribution) of the specific heat CM plotted as CM/T versus T for both b-YbAlB4
(solid circles) and a-YbAlB4 (open squares) (12). CM/T at B = 0 for the b phase shows a lnT
dependence for 0.2 K < T < 20 K. T0 ~ 200 K was determined from the fit to CM/T = S0/T0ln(T0/T). The upturn in the lowest Tmay contain a nuclear contribution.
(Inset) CM/T scaled by T0 compared with quantum critical systems CeCu5.9Au0.1 (T0 = 6.2 K) (14) and YbRh2(Si1−xGex)2 (T0 = 24 K) (2, 16). The lnT dependence of
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which ~70% of the ground doublet entropy R ln2 is released.
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5–6, which is characteristic of a system with strong magnetic
correlations. At the low-T limit, A shows a diverging behaviour as
B vanishes, following the form B�1/2 in the critical regime below
⇠4 T (Fig. 3d).

Thus, all our observations indicate that as the magnetic field
decreases to zero the FL state becomes unstable and A, �c and
CM/T all become singular at low T . This is the behaviour expected
of a system with a zero-field quantum critical point (QCP),
characterized by divergences of A, �c and CM/T of the form

T�x , where x is 1/2, 1/3 and 0+, respectively (0+ stands for
logarithmic divergence).

We now return to the observation of superconductivity, which
emerges at very low temperatures from the non-FL state in
samples with residual resistivity ratio RRR > 100. Figure 4a shows
the in-plane resistivity of two out of a dozen samples studied,
one normal and one superconducting, with RRR of 70 and
300, respectively. Figure 4b shows d.c. magnetization of a sample
consisting of a dozen crystals with an average RRR ⇠ 240 and

604 nature physics VOL 4 AUGUST 2008 www.nature.com/naturephysics
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We analyze the magnetic and electronic properties of the quantum critical heavy fermion superconductor
β-YbAlB4, calculating the Fermi surface and the angular dependence of the extremal orbits relevant to the de
Haas–van Alphen measurements. Using a combination of the realistic materials modeling and single-ion crystal
field analysis, we are led to propose a layered Kondo lattice model for this system, in which two dimensional
boron layers are Kondo coupled via interlayer Yb moments in a Jz = ±5/2 state. This model fits the measured
single ion magnetic susceptibility and predicts a substantial change in the electronic anisotropy as the system is
pressure-tuned through the quantum critical point.

PACS numbers: 75.20.Hr, 75.30.Mb, 74.70.Tx

Heavy electron materials have played a long-standing role
in strongly correlated electron physics, providing key insights
into emergent quantum mechanical behavior that many hope
can be scaled up in energy and temperature in actinide and
transition metal compounds. One of the remarkable aspects
of heavy fermion materials is that they can be tuned, by ap-
plying pressure or magnetic field at low temperatures, through
a quantum critical point [1, 2], where they exhibit non-Fermi
liquid behavior [1, 2, 3, 4] and a marked predisposition to-
wards superconductivity [5, 6]. The recent discovery of a lay-
ered Yb based heavy fermion material β-YbAlB4 [7] which
is both stoichiometrically quantum critical and superconduct-
ing at Tc = 80 mK has attracted a great deal of interest.
There are many examples of heavy electron superconductiv-
ity, often in close proximity to a quantum critical point [1].
However, although heavy electron behavior and quantum crit-
ical behavior have been observed in Ce, U and Yb materi-
als [5, 8, 9, 10, 11, 12, 13], β-YbAlB4 is the first ytterbium
based heavy fermion superconductor. This material raises
many fascinating questions. Why, for example, is this system
intrinsically quantum critical, with a specific heat coefficient
that is finite in a magnetic field, but which diverges as the field
is removed?

In this paper, we present an analysis of the magnetic and
electronic properties of β-YbAlB4. We use a combination of
electronic structure calculations and crystal field analysis to
develop a simple model for the low energy physics. Our re-
sults are consistent with the almost localized nature of the Yb
f-electrons. In particular, we find that the electron effective
mass, as measured by the low temperature specific heat coef-
ficient γ = Cv/T , exceeds the band-structure value by more
than a factor of 30. Moreover, in an LDA+U band-structure
calculation, the system is found to develop an antiferromag-
netically ordered ground-state, underlining the close vicinity
to magnetic instability.

We have calculated the Fermi surface and the angular de-
pendence of the extremal orbits relevant to the de Haas–
van Alphen measurements. Despite the layered crystal struc-
ture, hybridization with the f -electrons gives rise to a three-
dimensional Fermi surface. Combining the band-structure
calculations and crystal field analysis, we are led to propose

an anisotropic Kondo lattice description of this material, in
which Yb magnetic moments at a site of seven-fold symme-
try hybridize with neighboring boron planes, to give rise to
the observed 3-dimensional band structure. We show that
the crystal field configuration with maximum interlayer over-
lap, |J = 7/2, mJ = ±5/2〉 (Fig. 1), accounts well for the
anisotropy in the high temperature magnetic susceptibility.

The compound β-YbAlB4 crystallizes in an orthorhombic
structure (group Cmmm) [14], with ytterbium and aluminum
atoms sandwiched between boron layers. In this unusual
structure the Yb atoms are centered between seven-member
boron rings, as illustrated in Fig. 1, while the Al atoms are
centered between pentagonal rings of boron. A central ques-
tion raised by the structure, is whether the electronic structure
will be quasi-two dimensional as in the case of intercalated
graphite compounds. Our calculations indicate instead that
the two-dimensional layers of boron are “short-circuited” by
electrons of Yb and Al. The role of the Kondo effect in this
setting is particularly intriguing and will be discussed below.

For the band structure calculations, a full potential linear

i(r  ) 0c −

i(r  ) 0c +

Sj

Yb

Al

FIG. 1: (Color online) Local coordination of Yb atom (large spheres,
blue), suspended between two planes of boron heptagons (small
green spheres) and surrounded in-plane by a distorted rectangular
of Al atoms (red spheres). The proposed |mJ = ±5/2〉 ground state
wavefunction is also shown, see Eq. (4). Boron conduction electrons
c†(ri±)|0〉 interact with Yb spins Sj via layered Kondo lattice model
Eq. (2).
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Heavy electron materials have played a long-standing role
in strongly correlated electron physics, providing key insights
into emergent quantum mechanical behavior that many hope
can be scaled up in energy and temperature in actinide and
transition metal compounds. One of the remarkable aspects
of heavy fermion materials is that they can be tuned, by ap-
plying pressure or magnetic field at low temperatures, through
a quantum critical point [1, 2], where they exhibit non-Fermi
liquid behavior [1, 2, 3, 4] and a marked predisposition to-
wards superconductivity [5, 6]. The recent discovery of a lay-
ered Yb based heavy fermion material β-YbAlB4 [7] which
is both stoichiometrically quantum critical and superconduct-
ing at Tc = 80 mK has attracted a great deal of interest.
There are many examples of heavy electron superconductiv-
ity, often in close proximity to a quantum critical point [1].
However, although heavy electron behavior and quantum crit-
ical behavior have been observed in Ce, U and Yb materi-
als [5, 8, 9, 10, 11, 12, 13], β-YbAlB4 is the first ytterbium
based heavy fermion superconductor. This material raises
many fascinating questions. Why, for example, is this system
intrinsically quantum critical, with a specific heat coefficient
that is finite in a magnetic field, but which diverges as the field
is removed?

In this paper, we present an analysis of the magnetic and
electronic properties of β-YbAlB4. We use a combination of
electronic structure calculations and crystal field analysis to
develop a simple model for the low energy physics. Our re-
sults are consistent with the almost localized nature of the Yb
f-electrons. In particular, we find that the electron effective
mass, as measured by the low temperature specific heat coef-
ficient γ = Cv/T , exceeds the band-structure value by more
than a factor of 30. Moreover, in an LDA+U band-structure
calculation, the system is found to develop an antiferromag-
netically ordered ground-state, underlining the close vicinity
to magnetic instability.

We have calculated the Fermi surface and the angular de-
pendence of the extremal orbits relevant to the de Haas–
van Alphen measurements. Despite the layered crystal struc-
ture, hybridization with the f -electrons gives rise to a three-
dimensional Fermi surface. Combining the band-structure
calculations and crystal field analysis, we are led to propose

an anisotropic Kondo lattice description of this material, in
which Yb magnetic moments at a site of seven-fold symme-
try hybridize with neighboring boron planes, to give rise to
the observed 3-dimensional band structure. We show that
the crystal field configuration with maximum interlayer over-
lap, |J = 7/2, mJ = ±5/2〉 (Fig. 1), accounts well for the
anisotropy in the high temperature magnetic susceptibility.

The compound β-YbAlB4 crystallizes in an orthorhombic
structure (group Cmmm) [14], with ytterbium and aluminum
atoms sandwiched between boron layers. In this unusual
structure the Yb atoms are centered between seven-member
boron rings, as illustrated in Fig. 1, while the Al atoms are
centered between pentagonal rings of boron. A central ques-
tion raised by the structure, is whether the electronic structure
will be quasi-two dimensional as in the case of intercalated
graphite compounds. Our calculations indicate instead that
the two-dimensional layers of boron are “short-circuited” by
electrons of Yb and Al. The role of the Kondo effect in this
setting is particularly intriguing and will be discussed below.

For the band structure calculations, a full potential linear

i(r  ) 0c −

i(r  ) 0c +

Sj

Yb

Al

FIG. 1: (Color online) Local coordination of Yb atom (large spheres,
blue), suspended between two planes of boron heptagons (small
green spheres) and surrounded in-plane by a distorted rectangular
of Al atoms (red spheres). The proposed |mJ = ±5/2〉 ground state
wavefunction is also shown, see Eq. (4). Boron conduction electrons
c†(ri±)|0〉 interact with Yb spins Sj via layered Kondo lattice model
Eq. (2).
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Heavy electron materials have played a long-standing role
in strongly correlated electron physics, providing key insights
into emergent quantum mechanical behavior that many hope
can be scaled up in energy and temperature in actinide and
transition metal compounds. One of the remarkable aspects
of heavy fermion materials is that they can be tuned, by ap-
plying pressure or magnetic field at low temperatures, through
a quantum critical point [1, 2], where they exhibit non-Fermi
liquid behavior [1, 2, 3, 4] and a marked predisposition to-
wards superconductivity [5, 6]. The recent discovery of a lay-
ered Yb based heavy fermion material β-YbAlB4 [7] which
is both stoichiometrically quantum critical and superconduct-
ing at Tc = 80 mK has attracted a great deal of interest.
There are many examples of heavy electron superconductiv-
ity, often in close proximity to a quantum critical point [1].
However, although heavy electron behavior and quantum crit-
ical behavior have been observed in Ce, U and Yb materi-
als [5, 8, 9, 10, 11, 12, 13], β-YbAlB4 is the first ytterbium
based heavy fermion superconductor. This material raises
many fascinating questions. Why, for example, is this system
intrinsically quantum critical, with a specific heat coefficient
that is finite in a magnetic field, but which diverges as the field
is removed?

In this paper, we present an analysis of the magnetic and
electronic properties of β-YbAlB4. We use a combination of
electronic structure calculations and crystal field analysis to
develop a simple model for the low energy physics. Our re-
sults are consistent with the almost localized nature of the Yb
f-electrons. In particular, we find that the electron effective
mass, as measured by the low temperature specific heat coef-
ficient γ = Cv/T , exceeds the band-structure value by more
than a factor of 30. Moreover, in an LDA+U band-structure
calculation, the system is found to develop an antiferromag-
netically ordered ground-state, underlining the close vicinity
to magnetic instability.

We have calculated the Fermi surface and the angular de-
pendence of the extremal orbits relevant to the de Haas–
van Alphen measurements. Despite the layered crystal struc-
ture, hybridization with the f -electrons gives rise to a three-
dimensional Fermi surface. Combining the band-structure
calculations and crystal field analysis, we are led to propose

an anisotropic Kondo lattice description of this material, in
which Yb magnetic moments at a site of seven-fold symme-
try hybridize with neighboring boron planes, to give rise to
the observed 3-dimensional band structure. We show that
the crystal field configuration with maximum interlayer over-
lap, |J = 7/2, mJ = ±5/2〉 (Fig. 1), accounts well for the
anisotropy in the high temperature magnetic susceptibility.

The compound β-YbAlB4 crystallizes in an orthorhombic
structure (group Cmmm) [14], with ytterbium and aluminum
atoms sandwiched between boron layers. In this unusual
structure the Yb atoms are centered between seven-member
boron rings, as illustrated in Fig. 1, while the Al atoms are
centered between pentagonal rings of boron. A central ques-
tion raised by the structure, is whether the electronic structure
will be quasi-two dimensional as in the case of intercalated
graphite compounds. Our calculations indicate instead that
the two-dimensional layers of boron are “short-circuited” by
electrons of Yb and Al. The role of the Kondo effect in this
setting is particularly intriguing and will be discussed below.

For the band structure calculations, a full potential linear

i(r  ) 0c −

i(r  ) 0c +
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Al

FIG. 1: (Color online) Local coordination of Yb atom (large spheres,
blue), suspended between two planes of boron heptagons (small
green spheres) and surrounded in-plane by a distorted rectangular
of Al atoms (red spheres). The proposed |mJ = ±5/2〉 ground state
wavefunction is also shown, see Eq. (4). Boron conduction electrons
c†(ri±)|0〉 interact with Yb spins Sj via layered Kondo lattice model
Eq. (2).
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dimensional Fermi surface. Combining the band-structure
calculations and crystal field analysis, we are led to propose

an anisotropic Kondo lattice description of this material, in
which Yb magnetic moments at a site of seven-fold symme-
try hybridize with neighboring boron planes, to give rise to
the observed 3-dimensional band structure. We show that
the crystal field configuration with maximum interlayer over-
lap, |J = 7/2, mJ = ±5/2〉 (Fig. 1), accounts well for the
anisotropy in the high temperature magnetic susceptibility.

The compound β-YbAlB4 crystallizes in an orthorhombic
structure (group Cmmm) [14], with ytterbium and aluminum
atoms sandwiched between boron layers. In this unusual
structure the Yb atoms are centered between seven-member
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graphite compounds. Our calculations indicate instead that
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electrons of Yb and Al. The role of the Kondo effect in this
setting is particularly intriguing and will be discussed below.

For the band structure calculations, a full potential linear
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FIG. 1: (Color online) Local coordination of Yb atom (large spheres,
blue), suspended between two planes of boron heptagons (small
green spheres) and surrounded in-plane by a distorted rectangular
of Al atoms (red spheres). The proposed |mJ = ±5/2〉 ground state
wavefunction is also shown, see Eq. (4). Boron conduction electrons
c†(ri±)|0〉 interact with Yb spins Sj via layered Kondo lattice model
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There are many examples of heavy electron superconductiv-
ity, often in close proximity to a quantum critical point [1].
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ical behavior have been observed in Ce, U and Yb materi-
als [5, 8, 9, 10, 11, 12, 13], β-YbAlB4 is the first ytterbium
based heavy fermion superconductor. This material raises
many fascinating questions. Why, for example, is this system
intrinsically quantum critical, with a specific heat coefficient
that is finite in a magnetic field, but which diverges as the field
is removed?

In this paper, we present an analysis of the magnetic and
electronic properties of β-YbAlB4. We use a combination of
electronic structure calculations and crystal field analysis to
develop a simple model for the low energy physics. Our re-
sults are consistent with the almost localized nature of the Yb
f-electrons. In particular, we find that the electron effective
mass, as measured by the low temperature specific heat coef-
ficient γ = Cv/T , exceeds the band-structure value by more
than a factor of 30. Moreover, in an LDA+U band-structure
calculation, the system is found to develop an antiferromag-
netically ordered ground-state, underlining the close vicinity
to magnetic instability.

We have calculated the Fermi surface and the angular de-
pendence of the extremal orbits relevant to the de Haas–
van Alphen measurements. Despite the layered crystal struc-
ture, hybridization with the f -electrons gives rise to a three-
dimensional Fermi surface. Combining the band-structure
calculations and crystal field analysis, we are led to propose

an anisotropic Kondo lattice description of this material, in
which Yb magnetic moments at a site of seven-fold symme-
try hybridize with neighboring boron planes, to give rise to
the observed 3-dimensional band structure. We show that
the crystal field configuration with maximum interlayer over-
lap, |J = 7/2, mJ = ±5/2〉 (Fig. 1), accounts well for the
anisotropy in the high temperature magnetic susceptibility.

The compound β-YbAlB4 crystallizes in an orthorhombic
structure (group Cmmm) [14], with ytterbium and aluminum
atoms sandwiched between boron layers. In this unusual
structure the Yb atoms are centered between seven-member
boron rings, as illustrated in Fig. 1, while the Al atoms are
centered between pentagonal rings of boron. A central ques-
tion raised by the structure, is whether the electronic structure
will be quasi-two dimensional as in the case of intercalated
graphite compounds. Our calculations indicate instead that
the two-dimensional layers of boron are “short-circuited” by
electrons of Yb and Al. The role of the Kondo effect in this
setting is particularly intriguing and will be discussed below.

For the band structure calculations, a full potential linear

i(r  ) 0c −

i(r  ) 0c +
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FIG. 1: (Color online) Local coordination of Yb atom (large spheres,
blue), suspended between two planes of boron heptagons (small
green spheres) and surrounded in-plane by a distorted rectangular
of Al atoms (red spheres). The proposed |mJ = ±5/2〉 ground state
wavefunction is also shown, see Eq. (4). Boron conduction electrons
c†(ri±)|0〉 interact with Yb spins Sj via layered Kondo lattice model
Eq. (2).
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single ion magnetic susceptibility and predicts a substantial change in the electronic anisotropy as the system is
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Heavy electron materials have played a long-standing role
in strongly correlated electron physics, providing key insights
into emergent quantum mechanical behavior that many hope
can be scaled up in energy and temperature in actinide and
transition metal compounds. One of the remarkable aspects
of heavy fermion materials is that they can be tuned, by ap-
plying pressure or magnetic field at low temperatures, through
a quantum critical point [1, 2], where they exhibit non-Fermi
liquid behavior [1, 2, 3, 4] and a marked predisposition to-
wards superconductivity [5, 6]. The recent discovery of a lay-
ered Yb based heavy fermion material β-YbAlB4 [7] which
is both stoichiometrically quantum critical and superconduct-
ing at Tc = 80 mK has attracted a great deal of interest.
There are many examples of heavy electron superconductiv-
ity, often in close proximity to a quantum critical point [1].
However, although heavy electron behavior and quantum crit-
ical behavior have been observed in Ce, U and Yb materi-
als [5, 8, 9, 10, 11, 12, 13], β-YbAlB4 is the first ytterbium
based heavy fermion superconductor. This material raises
many fascinating questions. Why, for example, is this system
intrinsically quantum critical, with a specific heat coefficient
that is finite in a magnetic field, but which diverges as the field
is removed?

In this paper, we present an analysis of the magnetic and
electronic properties of β-YbAlB4. We use a combination of
electronic structure calculations and crystal field analysis to
develop a simple model for the low energy physics. Our re-
sults are consistent with the almost localized nature of the Yb
f-electrons. In particular, we find that the electron effective
mass, as measured by the low temperature specific heat coef-
ficient γ = Cv/T , exceeds the band-structure value by more
than a factor of 30. Moreover, in an LDA+U band-structure
calculation, the system is found to develop an antiferromag-
netically ordered ground-state, underlining the close vicinity
to magnetic instability.

We have calculated the Fermi surface and the angular de-
pendence of the extremal orbits relevant to the de Haas–
van Alphen measurements. Despite the layered crystal struc-
ture, hybridization with the f -electrons gives rise to a three-
dimensional Fermi surface. Combining the band-structure
calculations and crystal field analysis, we are led to propose

an anisotropic Kondo lattice description of this material, in
which Yb magnetic moments at a site of seven-fold symme-
try hybridize with neighboring boron planes, to give rise to
the observed 3-dimensional band structure. We show that
the crystal field configuration with maximum interlayer over-
lap, |J = 7/2, mJ = ±5/2〉 (Fig. 1), accounts well for the
anisotropy in the high temperature magnetic susceptibility.

The compound β-YbAlB4 crystallizes in an orthorhombic
structure (group Cmmm) [14], with ytterbium and aluminum
atoms sandwiched between boron layers. In this unusual
structure the Yb atoms are centered between seven-member
boron rings, as illustrated in Fig. 1, while the Al atoms are
centered between pentagonal rings of boron. A central ques-
tion raised by the structure, is whether the electronic structure
will be quasi-two dimensional as in the case of intercalated
graphite compounds. Our calculations indicate instead that
the two-dimensional layers of boron are “short-circuited” by
electrons of Yb and Al. The role of the Kondo effect in this
setting is particularly intriguing and will be discussed below.

For the band structure calculations, a full potential linear
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FIG. 1: (Color online) Local coordination of Yb atom (large spheres,
blue), suspended between two planes of boron heptagons (small
green spheres) and surrounded in-plane by a distorted rectangular
of Al atoms (red spheres). The proposed |mJ = ±5/2〉 ground state
wavefunction is also shown, see Eq. (4). Boron conduction electrons
c†(ri±)|0〉 interact with Yb spins Sj via layered Kondo lattice model
Eq. (2).
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Heavy electron materials have played a long-standing role
in strongly correlated electron physics, providing key insights
into emergent quantum mechanical behavior that many hope
can be scaled up in energy and temperature in actinide and
transition metal compounds. One of the remarkable aspects
of heavy fermion materials is that they can be tuned, by ap-
plying pressure or magnetic field at low temperatures, through
a quantum critical point [1, 2], where they exhibit non-Fermi
liquid behavior [1, 2, 3, 4] and a marked predisposition to-
wards superconductivity [5, 6]. The recent discovery of a lay-
ered Yb based heavy fermion material β-YbAlB4 [7] which
is both stoichiometrically quantum critical and superconduct-
ing at Tc = 80 mK has attracted a great deal of interest.
There are many examples of heavy electron superconductiv-
ity, often in close proximity to a quantum critical point [1].
However, although heavy electron behavior and quantum crit-
ical behavior have been observed in Ce, U and Yb materi-
als [5, 8, 9, 10, 11, 12, 13], β-YbAlB4 is the first ytterbium
based heavy fermion superconductor. This material raises
many fascinating questions. Why, for example, is this system
intrinsically quantum critical, with a specific heat coefficient
that is finite in a magnetic field, but which diverges as the field
is removed?

In this paper, we present an analysis of the magnetic and
electronic properties of β-YbAlB4. We use a combination of
electronic structure calculations and crystal field analysis to
develop a simple model for the low energy physics. Our re-
sults are consistent with the almost localized nature of the Yb
f-electrons. In particular, we find that the electron effective
mass, as measured by the low temperature specific heat coef-
ficient γ = Cv/T , exceeds the band-structure value by more
than a factor of 30. Moreover, in an LDA+U band-structure
calculation, the system is found to develop an antiferromag-
netically ordered ground-state, underlining the close vicinity
to magnetic instability.

We have calculated the Fermi surface and the angular de-
pendence of the extremal orbits relevant to the de Haas–
van Alphen measurements. Despite the layered crystal struc-
ture, hybridization with the f -electrons gives rise to a three-
dimensional Fermi surface. Combining the band-structure
calculations and crystal field analysis, we are led to propose

an anisotropic Kondo lattice description of this material, in
which Yb magnetic moments at a site of seven-fold symme-
try hybridize with neighboring boron planes, to give rise to
the observed 3-dimensional band structure. We show that
the crystal field configuration with maximum interlayer over-
lap, |J = 7/2, mJ = ±5/2〉 (Fig. 1), accounts well for the
anisotropy in the high temperature magnetic susceptibility.

The compound β-YbAlB4 crystallizes in an orthorhombic
structure (group Cmmm) [14], with ytterbium and aluminum
atoms sandwiched between boron layers. In this unusual
structure the Yb atoms are centered between seven-member
boron rings, as illustrated in Fig. 1, while the Al atoms are
centered between pentagonal rings of boron. A central ques-
tion raised by the structure, is whether the electronic structure
will be quasi-two dimensional as in the case of intercalated
graphite compounds. Our calculations indicate instead that
the two-dimensional layers of boron are “short-circuited” by
electrons of Yb and Al. The role of the Kondo effect in this
setting is particularly intriguing and will be discussed below.

For the band structure calculations, a full potential linear
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FIG. 1: (Color online) Local coordination of Yb atom (large spheres,
blue), suspended between two planes of boron heptagons (small
green spheres) and surrounded in-plane by a distorted rectangular
of Al atoms (red spheres). The proposed |mJ = ±5/2〉 ground state
wavefunction is also shown, see Eq. (4). Boron conduction electrons
c†(ri±)|0〉 interact with Yb spins Sj via layered Kondo lattice model
Eq. (2).
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Heavy electron materials have played a long-standing role
in strongly correlated electron physics, providing key insights
into emergent quantum mechanical behavior that many hope
can be scaled up in energy and temperature in actinide and
transition metal compounds. One of the remarkable aspects
of heavy fermion materials is that they can be tuned, by ap-
plying pressure or magnetic field at low temperatures, through
a quantum critical point [1, 2], where they exhibit non-Fermi
liquid behavior [1, 2, 3, 4] and a marked predisposition to-
wards superconductivity [5, 6]. The recent discovery of a lay-
ered Yb based heavy fermion material β-YbAlB4 [7] which
is both stoichiometrically quantum critical and superconduct-
ing at Tc = 80 mK has attracted a great deal of interest.
There are many examples of heavy electron superconductiv-
ity, often in close proximity to a quantum critical point [1].
However, although heavy electron behavior and quantum crit-
ical behavior have been observed in Ce, U and Yb materi-
als [5, 8, 9, 10, 11, 12, 13], β-YbAlB4 is the first ytterbium
based heavy fermion superconductor. This material raises
many fascinating questions. Why, for example, is this system
intrinsically quantum critical, with a specific heat coefficient
that is finite in a magnetic field, but which diverges as the field
is removed?

In this paper, we present an analysis of the magnetic and
electronic properties of β-YbAlB4. We use a combination of
electronic structure calculations and crystal field analysis to
develop a simple model for the low energy physics. Our re-
sults are consistent with the almost localized nature of the Yb
f-electrons. In particular, we find that the electron effective
mass, as measured by the low temperature specific heat coef-
ficient γ = Cv/T , exceeds the band-structure value by more
than a factor of 30. Moreover, in an LDA+U band-structure
calculation, the system is found to develop an antiferromag-
netically ordered ground-state, underlining the close vicinity
to magnetic instability.

We have calculated the Fermi surface and the angular de-
pendence of the extremal orbits relevant to the de Haas–
van Alphen measurements. Despite the layered crystal struc-
ture, hybridization with the f -electrons gives rise to a three-
dimensional Fermi surface. Combining the band-structure
calculations and crystal field analysis, we are led to propose

an anisotropic Kondo lattice description of this material, in
which Yb magnetic moments at a site of seven-fold symme-
try hybridize with neighboring boron planes, to give rise to
the observed 3-dimensional band structure. We show that
the crystal field configuration with maximum interlayer over-
lap, |J = 7/2, mJ = ±5/2〉 (Fig. 1), accounts well for the
anisotropy in the high temperature magnetic susceptibility.

The compound β-YbAlB4 crystallizes in an orthorhombic
structure (group Cmmm) [14], with ytterbium and aluminum
atoms sandwiched between boron layers. In this unusual
structure the Yb atoms are centered between seven-member
boron rings, as illustrated in Fig. 1, while the Al atoms are
centered between pentagonal rings of boron. A central ques-
tion raised by the structure, is whether the electronic structure
will be quasi-two dimensional as in the case of intercalated
graphite compounds. Our calculations indicate instead that
the two-dimensional layers of boron are “short-circuited” by
electrons of Yb and Al. The role of the Kondo effect in this
setting is particularly intriguing and will be discussed below.

For the band structure calculations, a full potential linear
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FIG. 1: (Color online) Local coordination of Yb atom (large spheres,
blue), suspended between two planes of boron heptagons (small
green spheres) and surrounded in-plane by a distorted rectangular
of Al atoms (red spheres). The proposed |mJ = ±5/2〉 ground state
wavefunction is also shown, see Eq. (4). Boron conduction electrons
c†(ri±)|0〉 interact with Yb spins Sj via layered Kondo lattice model
Eq. (2).
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Heavy electron materials have played a long-standing role
in strongly correlated electron physics, providing key insights
into emergent quantum mechanical behavior that many hope
can be scaled up in energy and temperature in actinide and
transition metal compounds. One of the remarkable aspects
of heavy fermion materials is that they can be tuned, by ap-
plying pressure or magnetic field at low temperatures, through
a quantum critical point [1, 2], where they exhibit non-Fermi
liquid behavior [1, 2, 3, 4] and a marked predisposition to-
wards superconductivity [5, 6]. The recent discovery of a lay-
ered Yb based heavy fermion material β-YbAlB4 [7] which
is both stoichiometrically quantum critical and superconduct-
ing at Tc = 80 mK has attracted a great deal of interest.
There are many examples of heavy electron superconductiv-
ity, often in close proximity to a quantum critical point [1].
However, although heavy electron behavior and quantum crit-
ical behavior have been observed in Ce, U and Yb materi-
als [5, 8, 9, 10, 11, 12, 13], β-YbAlB4 is the first ytterbium
based heavy fermion superconductor. This material raises
many fascinating questions. Why, for example, is this system
intrinsically quantum critical, with a specific heat coefficient
that is finite in a magnetic field, but which diverges as the field
is removed?

In this paper, we present an analysis of the magnetic and
electronic properties of β-YbAlB4. We use a combination of
electronic structure calculations and crystal field analysis to
develop a simple model for the low energy physics. Our re-
sults are consistent with the almost localized nature of the Yb
f-electrons. In particular, we find that the electron effective
mass, as measured by the low temperature specific heat coef-
ficient γ = Cv/T , exceeds the band-structure value by more
than a factor of 30. Moreover, in an LDA+U band-structure
calculation, the system is found to develop an antiferromag-
netically ordered ground-state, underlining the close vicinity
to magnetic instability.

We have calculated the Fermi surface and the angular de-
pendence of the extremal orbits relevant to the de Haas–
van Alphen measurements. Despite the layered crystal struc-
ture, hybridization with the f -electrons gives rise to a three-
dimensional Fermi surface. Combining the band-structure
calculations and crystal field analysis, we are led to propose

an anisotropic Kondo lattice description of this material, in
which Yb magnetic moments at a site of seven-fold symme-
try hybridize with neighboring boron planes, to give rise to
the observed 3-dimensional band structure. We show that
the crystal field configuration with maximum interlayer over-
lap, |J = 7/2, mJ = ±5/2〉 (Fig. 1), accounts well for the
anisotropy in the high temperature magnetic susceptibility.

The compound β-YbAlB4 crystallizes in an orthorhombic
structure (group Cmmm) [14], with ytterbium and aluminum
atoms sandwiched between boron layers. In this unusual
structure the Yb atoms are centered between seven-member
boron rings, as illustrated in Fig. 1, while the Al atoms are
centered between pentagonal rings of boron. A central ques-
tion raised by the structure, is whether the electronic structure
will be quasi-two dimensional as in the case of intercalated
graphite compounds. Our calculations indicate instead that
the two-dimensional layers of boron are “short-circuited” by
electrons of Yb and Al. The role of the Kondo effect in this
setting is particularly intriguing and will be discussed below.

For the band structure calculations, a full potential linear
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FIG. 1: (Color online) Local coordination of Yb atom (large spheres,
blue), suspended between two planes of boron heptagons (small
green spheres) and surrounded in-plane by a distorted rectangular
of Al atoms (red spheres). The proposed |mJ = ±5/2〉 ground state
wavefunction is also shown, see Eq. (4). Boron conduction electrons
c†(ri±)|0〉 interact with Yb spins Sj via layered Kondo lattice model
Eq. (2).
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Heavy electron materials have played a long-standing role
in strongly correlated electron physics, providing key insights
into emergent quantum mechanical behavior that many hope
can be scaled up in energy and temperature in actinide and
transition metal compounds. One of the remarkable aspects
of heavy fermion materials is that they can be tuned, by ap-
plying pressure or magnetic field at low temperatures, through
a quantum critical point [1, 2], where they exhibit non-Fermi
liquid behavior [1, 2, 3, 4] and a marked predisposition to-
wards superconductivity [5, 6]. The recent discovery of a lay-
ered Yb based heavy fermion material β-YbAlB4 [7] which
is both stoichiometrically quantum critical and superconduct-
ing at Tc = 80 mK has attracted a great deal of interest.
There are many examples of heavy electron superconductiv-
ity, often in close proximity to a quantum critical point [1].
However, although heavy electron behavior and quantum crit-
ical behavior have been observed in Ce, U and Yb materi-
als [5, 8, 9, 10, 11, 12, 13], β-YbAlB4 is the first ytterbium
based heavy fermion superconductor. This material raises
many fascinating questions. Why, for example, is this system
intrinsically quantum critical, with a specific heat coefficient
that is finite in a magnetic field, but which diverges as the field
is removed?

In this paper, we present an analysis of the magnetic and
electronic properties of β-YbAlB4. We use a combination of
electronic structure calculations and crystal field analysis to
develop a simple model for the low energy physics. Our re-
sults are consistent with the almost localized nature of the Yb
f-electrons. In particular, we find that the electron effective
mass, as measured by the low temperature specific heat coef-
ficient γ = Cv/T , exceeds the band-structure value by more
than a factor of 30. Moreover, in an LDA+U band-structure
calculation, the system is found to develop an antiferromag-
netically ordered ground-state, underlining the close vicinity
to magnetic instability.

We have calculated the Fermi surface and the angular de-
pendence of the extremal orbits relevant to the de Haas–
van Alphen measurements. Despite the layered crystal struc-
ture, hybridization with the f -electrons gives rise to a three-
dimensional Fermi surface. Combining the band-structure
calculations and crystal field analysis, we are led to propose

an anisotropic Kondo lattice description of this material, in
which Yb magnetic moments at a site of seven-fold symme-
try hybridize with neighboring boron planes, to give rise to
the observed 3-dimensional band structure. We show that
the crystal field configuration with maximum interlayer over-
lap, |J = 7/2, mJ = ±5/2〉 (Fig. 1), accounts well for the
anisotropy in the high temperature magnetic susceptibility.

The compound β-YbAlB4 crystallizes in an orthorhombic
structure (group Cmmm) [14], with ytterbium and aluminum
atoms sandwiched between boron layers. In this unusual
structure the Yb atoms are centered between seven-member
boron rings, as illustrated in Fig. 1, while the Al atoms are
centered between pentagonal rings of boron. A central ques-
tion raised by the structure, is whether the electronic structure
will be quasi-two dimensional as in the case of intercalated
graphite compounds. Our calculations indicate instead that
the two-dimensional layers of boron are “short-circuited” by
electrons of Yb and Al. The role of the Kondo effect in this
setting is particularly intriguing and will be discussed below.

For the band structure calculations, a full potential linear

i(r  ) 0c −

i(r  ) 0c +

Sj

Yb

Al

FIG. 1: (Color online) Local coordination of Yb atom (large spheres,
blue), suspended between two planes of boron heptagons (small
green spheres) and surrounded in-plane by a distorted rectangular
of Al atoms (red spheres). The proposed |mJ = ±5/2〉 ground state
wavefunction is also shown, see Eq. (4). Boron conduction electrons
c†(ri±)|0〉 interact with Yb spins Sj via layered Kondo lattice model
Eq. (2).

Nevidomskyy and Coleman (08)

Nodal hybridization
(Vortex in k-space)

Γ

Z

|V (k)|2 � |(k
x

+ ik
y

)4|
Tsvelik, Coleman, Nevidomskyy+ Ramires   (2011)

xk

E(k) / k4
?

E(k) / k4
?

E(k)

k

Γ
Ef

E(k)

B=0

Almost localized



Ek =
�k + Ef

2
±

s✓
�k � Ef

2

◆2

+ |V (k)|2

�1[h] = Z

ar
X

iv
:0

81
1.

32
20

v2
  [

co
nd

-m
at

.st
r-e

l] 
 1

1 
M

ar
 2

00
9

Layered Kondo lattice model for quantum critical β-YbAlB4

Andriy H. Nevidomskyy∗ and P. Coleman
Department of Physics and Astronomy, Rutgers University, Piscataway, N.J. 08854, USA

(Dated: March 11, 2009)

We analyze the magnetic and electronic properties of the quantum critical heavy fermion superconductor
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single ion magnetic susceptibility and predicts a substantial change in the electronic anisotropy as the system is
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Heavy electron materials have played a long-standing role
in strongly correlated electron physics, providing key insights
into emergent quantum mechanical behavior that many hope
can be scaled up in energy and temperature in actinide and
transition metal compounds. One of the remarkable aspects
of heavy fermion materials is that they can be tuned, by ap-
plying pressure or magnetic field at low temperatures, through
a quantum critical point [1, 2], where they exhibit non-Fermi
liquid behavior [1, 2, 3, 4] and a marked predisposition to-
wards superconductivity [5, 6]. The recent discovery of a lay-
ered Yb based heavy fermion material β-YbAlB4 [7] which
is both stoichiometrically quantum critical and superconduct-
ing at Tc = 80 mK has attracted a great deal of interest.
There are many examples of heavy electron superconductiv-
ity, often in close proximity to a quantum critical point [1].
However, although heavy electron behavior and quantum crit-
ical behavior have been observed in Ce, U and Yb materi-
als [5, 8, 9, 10, 11, 12, 13], β-YbAlB4 is the first ytterbium
based heavy fermion superconductor. This material raises
many fascinating questions. Why, for example, is this system
intrinsically quantum critical, with a specific heat coefficient
that is finite in a magnetic field, but which diverges as the field
is removed?

In this paper, we present an analysis of the magnetic and
electronic properties of β-YbAlB4. We use a combination of
electronic structure calculations and crystal field analysis to
develop a simple model for the low energy physics. Our re-
sults are consistent with the almost localized nature of the Yb
f-electrons. In particular, we find that the electron effective
mass, as measured by the low temperature specific heat coef-
ficient γ = Cv/T , exceeds the band-structure value by more
than a factor of 30. Moreover, in an LDA+U band-structure
calculation, the system is found to develop an antiferromag-
netically ordered ground-state, underlining the close vicinity
to magnetic instability.

We have calculated the Fermi surface and the angular de-
pendence of the extremal orbits relevant to the de Haas–
van Alphen measurements. Despite the layered crystal struc-
ture, hybridization with the f -electrons gives rise to a three-
dimensional Fermi surface. Combining the band-structure
calculations and crystal field analysis, we are led to propose

an anisotropic Kondo lattice description of this material, in
which Yb magnetic moments at a site of seven-fold symme-
try hybridize with neighboring boron planes, to give rise to
the observed 3-dimensional band structure. We show that
the crystal field configuration with maximum interlayer over-
lap, |J = 7/2, mJ = ±5/2〉 (Fig. 1), accounts well for the
anisotropy in the high temperature magnetic susceptibility.

The compound β-YbAlB4 crystallizes in an orthorhombic
structure (group Cmmm) [14], with ytterbium and aluminum
atoms sandwiched between boron layers. In this unusual
structure the Yb atoms are centered between seven-member
boron rings, as illustrated in Fig. 1, while the Al atoms are
centered between pentagonal rings of boron. A central ques-
tion raised by the structure, is whether the electronic structure
will be quasi-two dimensional as in the case of intercalated
graphite compounds. Our calculations indicate instead that
the two-dimensional layers of boron are “short-circuited” by
electrons of Yb and Al. The role of the Kondo effect in this
setting is particularly intriguing and will be discussed below.

For the band structure calculations, a full potential linear

i(r  ) 0c −

i(r  ) 0c +

Sj

Yb

Al

FIG. 1: (Color online) Local coordination of Yb atom (large spheres,
blue), suspended between two planes of boron heptagons (small
green spheres) and surrounded in-plane by a distorted rectangular
of Al atoms (red spheres). The proposed |mJ = ±5/2〉 ground state
wavefunction is also shown, see Eq. (4). Boron conduction electrons
c†(ri±)|0〉 interact with Yb spins Sj via layered Kondo lattice model
Eq. (2).
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Heavy electron materials have played a long-standing role
in strongly correlated electron physics, providing key insights
into emergent quantum mechanical behavior that many hope
can be scaled up in energy and temperature in actinide and
transition metal compounds. One of the remarkable aspects
of heavy fermion materials is that they can be tuned, by ap-
plying pressure or magnetic field at low temperatures, through
a quantum critical point [1, 2], where they exhibit non-Fermi
liquid behavior [1, 2, 3, 4] and a marked predisposition to-
wards superconductivity [5, 6]. The recent discovery of a lay-
ered Yb based heavy fermion material β-YbAlB4 [7] which
is both stoichiometrically quantum critical and superconduct-
ing at Tc = 80 mK has attracted a great deal of interest.
There are many examples of heavy electron superconductiv-
ity, often in close proximity to a quantum critical point [1].
However, although heavy electron behavior and quantum crit-
ical behavior have been observed in Ce, U and Yb materi-
als [5, 8, 9, 10, 11, 12, 13], β-YbAlB4 is the first ytterbium
based heavy fermion superconductor. This material raises
many fascinating questions. Why, for example, is this system
intrinsically quantum critical, with a specific heat coefficient
that is finite in a magnetic field, but which diverges as the field
is removed?

In this paper, we present an analysis of the magnetic and
electronic properties of β-YbAlB4. We use a combination of
electronic structure calculations and crystal field analysis to
develop a simple model for the low energy physics. Our re-
sults are consistent with the almost localized nature of the Yb
f-electrons. In particular, we find that the electron effective
mass, as measured by the low temperature specific heat coef-
ficient γ = Cv/T , exceeds the band-structure value by more
than a factor of 30. Moreover, in an LDA+U band-structure
calculation, the system is found to develop an antiferromag-
netically ordered ground-state, underlining the close vicinity
to magnetic instability.

We have calculated the Fermi surface and the angular de-
pendence of the extremal orbits relevant to the de Haas–
van Alphen measurements. Despite the layered crystal struc-
ture, hybridization with the f -electrons gives rise to a three-
dimensional Fermi surface. Combining the band-structure
calculations and crystal field analysis, we are led to propose

an anisotropic Kondo lattice description of this material, in
which Yb magnetic moments at a site of seven-fold symme-
try hybridize with neighboring boron planes, to give rise to
the observed 3-dimensional band structure. We show that
the crystal field configuration with maximum interlayer over-
lap, |J = 7/2, mJ = ±5/2〉 (Fig. 1), accounts well for the
anisotropy in the high temperature magnetic susceptibility.

The compound β-YbAlB4 crystallizes in an orthorhombic
structure (group Cmmm) [14], with ytterbium and aluminum
atoms sandwiched between boron layers. In this unusual
structure the Yb atoms are centered between seven-member
boron rings, as illustrated in Fig. 1, while the Al atoms are
centered between pentagonal rings of boron. A central ques-
tion raised by the structure, is whether the electronic structure
will be quasi-two dimensional as in the case of intercalated
graphite compounds. Our calculations indicate instead that
the two-dimensional layers of boron are “short-circuited” by
electrons of Yb and Al. The role of the Kondo effect in this
setting is particularly intriguing and will be discussed below.

For the band structure calculations, a full potential linear
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FIG. 1: (Color online) Local coordination of Yb atom (large spheres,
blue), suspended between two planes of boron heptagons (small
green spheres) and surrounded in-plane by a distorted rectangular
of Al atoms (red spheres). The proposed |mJ = ±5/2〉 ground state
wavefunction is also shown, see Eq. (4). Boron conduction electrons
c†(ri±)|0〉 interact with Yb spins Sj via layered Kondo lattice model
Eq. (2).

Nevidomskyy and Coleman (08)

Nodal hybridization
(Vortex in k-space)

Γ

Z

|V (k)|2 � |(k
x

+ ik
y

)4|
Tsvelik, Coleman, Nevidomskyy+ Ramires   (2011)

xk

E(k) / k4
?

E(k) / k4
?

E(k)

k

Γ
Ef

E(k)

B>0
B=0

Topological Lifschitz Transition. 

Almost localized



Ek =
�k + Ef

2
±

s✓
�k � Ef

2

◆2

+ |V (k)|2

�1[h] = Z

ar
X

iv
:0

81
1.

32
20

v2
  [

co
nd

-m
at

.st
r-e

l] 
 1

1 
M

ar
 2

00
9

Layered Kondo lattice model for quantum critical β-YbAlB4

Andriy H. Nevidomskyy∗ and P. Coleman
Department of Physics and Astronomy, Rutgers University, Piscataway, N.J. 08854, USA

(Dated: March 11, 2009)

We analyze the magnetic and electronic properties of the quantum critical heavy fermion superconductor
β-YbAlB4, calculating the Fermi surface and the angular dependence of the extremal orbits relevant to the de
Haas–van Alphen measurements. Using a combination of the realistic materials modeling and single-ion crystal
field analysis, we are led to propose a layered Kondo lattice model for this system, in which two dimensional
boron layers are Kondo coupled via interlayer Yb moments in a Jz = ±5/2 state. This model fits the measured
single ion magnetic susceptibility and predicts a substantial change in the electronic anisotropy as the system is
pressure-tuned through the quantum critical point.

PACS numbers: 75.20.Hr, 75.30.Mb, 74.70.Tx

Heavy electron materials have played a long-standing role
in strongly correlated electron physics, providing key insights
into emergent quantum mechanical behavior that many hope
can be scaled up in energy and temperature in actinide and
transition metal compounds. One of the remarkable aspects
of heavy fermion materials is that they can be tuned, by ap-
plying pressure or magnetic field at low temperatures, through
a quantum critical point [1, 2], where they exhibit non-Fermi
liquid behavior [1, 2, 3, 4] and a marked predisposition to-
wards superconductivity [5, 6]. The recent discovery of a lay-
ered Yb based heavy fermion material β-YbAlB4 [7] which
is both stoichiometrically quantum critical and superconduct-
ing at Tc = 80 mK has attracted a great deal of interest.
There are many examples of heavy electron superconductiv-
ity, often in close proximity to a quantum critical point [1].
However, although heavy electron behavior and quantum crit-
ical behavior have been observed in Ce, U and Yb materi-
als [5, 8, 9, 10, 11, 12, 13], β-YbAlB4 is the first ytterbium
based heavy fermion superconductor. This material raises
many fascinating questions. Why, for example, is this system
intrinsically quantum critical, with a specific heat coefficient
that is finite in a magnetic field, but which diverges as the field
is removed?

In this paper, we present an analysis of the magnetic and
electronic properties of β-YbAlB4. We use a combination of
electronic structure calculations and crystal field analysis to
develop a simple model for the low energy physics. Our re-
sults are consistent with the almost localized nature of the Yb
f-electrons. In particular, we find that the electron effective
mass, as measured by the low temperature specific heat coef-
ficient γ = Cv/T , exceeds the band-structure value by more
than a factor of 30. Moreover, in an LDA+U band-structure
calculation, the system is found to develop an antiferromag-
netically ordered ground-state, underlining the close vicinity
to magnetic instability.

We have calculated the Fermi surface and the angular de-
pendence of the extremal orbits relevant to the de Haas–
van Alphen measurements. Despite the layered crystal struc-
ture, hybridization with the f -electrons gives rise to a three-
dimensional Fermi surface. Combining the band-structure
calculations and crystal field analysis, we are led to propose

an anisotropic Kondo lattice description of this material, in
which Yb magnetic moments at a site of seven-fold symme-
try hybridize with neighboring boron planes, to give rise to
the observed 3-dimensional band structure. We show that
the crystal field configuration with maximum interlayer over-
lap, |J = 7/2, mJ = ±5/2〉 (Fig. 1), accounts well for the
anisotropy in the high temperature magnetic susceptibility.

The compound β-YbAlB4 crystallizes in an orthorhombic
structure (group Cmmm) [14], with ytterbium and aluminum
atoms sandwiched between boron layers. In this unusual
structure the Yb atoms are centered between seven-member
boron rings, as illustrated in Fig. 1, while the Al atoms are
centered between pentagonal rings of boron. A central ques-
tion raised by the structure, is whether the electronic structure
will be quasi-two dimensional as in the case of intercalated
graphite compounds. Our calculations indicate instead that
the two-dimensional layers of boron are “short-circuited” by
electrons of Yb and Al. The role of the Kondo effect in this
setting is particularly intriguing and will be discussed below.

For the band structure calculations, a full potential linear
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FIG. 1: (Color online) Local coordination of Yb atom (large spheres,
blue), suspended between two planes of boron heptagons (small
green spheres) and surrounded in-plane by a distorted rectangular
of Al atoms (red spheres). The proposed |mJ = ±5/2〉 ground state
wavefunction is also shown, see Eq. (4). Boron conduction electrons
c†(ri±)|0〉 interact with Yb spins Sj via layered Kondo lattice model
Eq. (2).

Nevidomskyy and Coleman (08)

Nodal hybridization
(Vortex in k-space)

Γ

Z

|V (k)|2 � |(k
x

+ ik
y

)4|
Tsvelik, Coleman, Nevidomskyy+ Ramires   (2011)

xk

E(k) / k4
?

E(k) / k4
?

E(k)

k

behavior. The absence of long-range magnetic
order in the a or b phase points to the presence of
competing magnetic interactions. Indeed, the
Weiss temperature QW ~ −110 K (Fig. 2A),
which is characteristic of an AFM, indicates the
importance of magnetic frustration. The competing
interplay of FM interactions and valence fluctu-
ations thus leads to Kondo lattice–like behavior
in a mixed-valent material, setting the stage for
quantum criticality to emerge at lower temper-
atures in b-YbAlB4.

A prominent feature of the quantum criticality
in b-YbAlB4 is the divergence of the magnetic
susceptibility c as T→ 0. By examining the field
evolution of magnetization M = −∂F/∂B as a
function of both T and B (12), we can accurately
probe the free-energy F near quantum criticality.
Figure 2A shows the T dependence of c(B) =M/B
for different values of B ‖ c. Spanning four orders
of magnitude in T and B, the data show a system-
atic evolution from a non-FL (NFL) metal with
divergent susceptibility at zero field (c ~ T −1/2)
to a FLwith finite c in a field gmBB ≳ kBT, where
kB is the Boltzmann constant.

Intriguingly, the evolution of M/B found in
the region T ≲ 3 K and B ≲ 2 T (Fig. 2A, inset)
can be collapsed onto a single scaling function of
the ratio T/B:

−
dM
dT

¼ B−1=2ϕ
T
B

! "

ð1Þ

as shown in Fig. 2B. The peak of the scaling
curve lies at kBT /gmBB ~ 1, marking a cross-over
between the FL and NFL regions, showing that
kBTF ~ gmBB plays the role of a field-induced
Fermi energy, as shown in the Fig. 2B inset.
Integrating both parts of Eq. 1, one obtains the
following scaling law for the free energy (12):

FQC ¼ B3=2f T
B

# $

ð2Þ

where f is a scaling function of the ratioT/Bwith the
limiting behavior f(x) º x3/2 in the NFL regime

(x >> 1) and f (x) º const + x2 in the FL phase
(x << 1). Indeed, the observed scaling of dM/dT
in Eq. 1 is best fitted withϕðxÞ ¼ L xðAþ x2Þ

a
2−2

(12), resulting in a particularly simple form of the
free energy:

FQC ¼ −
1

ðkBT̃Þ1=2
½ðgmBBÞ

2 þ ðkBTÞ2&3=4 ð3Þ

with the best fit obtained with effective moment
gmB = 1.94 mB and the energy scale kB T̃ ≈ 6.6 eV
of the order of the conduction electron bandwidth
(12). This means that the free energy depends
only on the distance from the origin in the (T,B)
phase diagram, similarly to the T/B scaling es-
tablished in the Tomonaga-Luttinger liquids in
one-dimensional metals (23, 24). Equation 3 im-
plies that the effective mass of the quasi-particles
diverges as m* ~ B−1/2 at the QCP (12). This
divergence in a three-dimensional material, to-
gether with the T/B scaling, cannot be accounted
for by the standard theory based on spin-density-
wave fluctuations (25, 26). Instead, it indicates a
breakdown of the FL driven by unconventional
quantum criticality.

The T/B scaling suggests that the critical
field Bc of the quantum phase transition is
actually zero. A finite Bc would require that the
argument of the scaling functions f (x) and ϕ(x)
is the ratio x = T/|B−Bc|, as seen for instance in
YbRh2Si2 (16). To place a bound on Bc, we
substituted this form for x into Eq. 1, seeking
the value of Bc that would best fit the exper-
imental data. The Pearson’s correlation co-
efficient R obtained for this fit (Fig. 2B, inset),
indicates that Bc is optimal at −0.1 T 0.1 mT.
The uncertainty is only a few times larger than
Earth’s magnetic field (~0.05 mT). More im-
portantly, it is two orders of magnitude smaller
than m0Hc2 = 30 mT and six orders of mag-
nitude smaller than valence fluctuation scale T0
~ 200 K. Thus, b-YbAlB4 provides an example
of essentially zero-field quantum criticality.

Further evidence for zero-field quantum
criticality is obtained from an analysis of the
magnetocaloric ratio, GH ≡ − 1

T
∂S=∂B
∂S=∂T ¼ − ∂M=∂T

C
(Fig. 3). Here, C is the total specific heat (12).
Our results show a clear divergence of GH/B as
T → 0 in the NFL regime, which is a strong
indicator of quantum criticality (27). From the
NFL regime, we can extract the critical field |Bc| <
0.2 mT, which is consistent with the estimate
of Bc obtained from the scaling behavior ofM
in Eq. 1 (fig. S2).

The simple T/B scaling in the thermodynam-
ics enables us to characterize the QC excitations
of b-YbAlB4. In particular, the collapse of all
magnetization data in terms of the dimensionless
ratio r = kBT/(gmBB) between the Boltzmann en-
ergy kBT and the Zeeman energy gmBB indicates
an absence of scale in the zero-field normal state.
Furthermore, the appearance of a field-induced
Fermi energy—linear over more than three dec-
ades in B—shows that the underlying critical
modes are magnetic in character.

Using the Heisenberg energy-time uncer-
tainty principle (DtDE ≳ ћ, where ћ is Planck’s
constant h divided by 2p), we can reinterpret
the T/B scaling in the time domain, visualizing
the field-induced FL as a kind of “quantum
soda” of bubbles of quantum critical matter of
finite duration tQ = ћ/gmBB, immersed in a FL.
At finite temperatures, thermodynamics aver-
ages the physics over a thermal time scale tT =
ћ/kBT; thus, the quantity r = tQ / tT ~ T/B in
the scaling is the ratio of the correlation time tQ
to the thermal time-scale tT. At low temper-
atures r << 1 (tT >> tQ), thermodynamics
probes the FL exterior of the bubbles, but
when r >> 1 and tT << tQ, it reflects the QC
interior of the bubbles. This accounts for the
cross-over between FL and QC behaviors at r ~
1. Moreover, T/B scaling over a wide range r
~ 10−1 to ~103 indicates that the quantum
fluctuations in the ground state are self-similar
down to 1/1000th of the correlation time tQ.

The observation of zero-field quantum criti-
cality in valence-fluctuating b-YbAlB4 cannot
naturally be interpreted as a conventional QCP,
which would require a fortuitous combination of
structure and chemistry to fine-tune the critical
field Bc to within 0.2 mT of zero. A more nat-
ural interpretation of the results is that b-YbAlB4

forms a quantum critical phase that is driven into
a FL state by an infinitesimal magnetic field. The
T/B scaling requires that the critical modes are
Zeeman-split by a field, and as such, various
scenarios—such as critical Fermi surfaces (28) or
local quantum criticality with E/T scaling (6)—
may be possible contenders for the explanation,
provided they can be stabilized as a phase. Es-
tablished theoretical examples of a critical phase
with T/B scaling include the Tomonaga-Luttinger
liquid in half-integer spin chains and the one-
dimensional Heisenberg ferromagnet (23, 24).
Experimentally, the d-electron metal MnSi is a
candidate for a quantum critical phase, with
anomalous transport exponents observed over a
range of applied pressure (29). Although present
work provides a strong indication for existence of
such a phase in b-YbAlB4, future studies—in
particular, under pressure—are necessary in order
to establish it definitively.
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Heavy electron materials have played a long-standing role
in strongly correlated electron physics, providing key insights
into emergent quantum mechanical behavior that many hope
can be scaled up in energy and temperature in actinide and
transition metal compounds. One of the remarkable aspects
of heavy fermion materials is that they can be tuned, by ap-
plying pressure or magnetic field at low temperatures, through
a quantum critical point [1, 2], where they exhibit non-Fermi
liquid behavior [1, 2, 3, 4] and a marked predisposition to-
wards superconductivity [5, 6]. The recent discovery of a lay-
ered Yb based heavy fermion material β-YbAlB4 [7] which
is both stoichiometrically quantum critical and superconduct-
ing at Tc = 80 mK has attracted a great deal of interest.
There are many examples of heavy electron superconductiv-
ity, often in close proximity to a quantum critical point [1].
However, although heavy electron behavior and quantum crit-
ical behavior have been observed in Ce, U and Yb materi-
als [5, 8, 9, 10, 11, 12, 13], β-YbAlB4 is the first ytterbium
based heavy fermion superconductor. This material raises
many fascinating questions. Why, for example, is this system
intrinsically quantum critical, with a specific heat coefficient
that is finite in a magnetic field, but which diverges as the field
is removed?

In this paper, we present an analysis of the magnetic and
electronic properties of β-YbAlB4. We use a combination of
electronic structure calculations and crystal field analysis to
develop a simple model for the low energy physics. Our re-
sults are consistent with the almost localized nature of the Yb
f-electrons. In particular, we find that the electron effective
mass, as measured by the low temperature specific heat coef-
ficient γ = Cv/T , exceeds the band-structure value by more
than a factor of 30. Moreover, in an LDA+U band-structure
calculation, the system is found to develop an antiferromag-
netically ordered ground-state, underlining the close vicinity
to magnetic instability.

We have calculated the Fermi surface and the angular de-
pendence of the extremal orbits relevant to the de Haas–
van Alphen measurements. Despite the layered crystal struc-
ture, hybridization with the f -electrons gives rise to a three-
dimensional Fermi surface. Combining the band-structure
calculations and crystal field analysis, we are led to propose

an anisotropic Kondo lattice description of this material, in
which Yb magnetic moments at a site of seven-fold symme-
try hybridize with neighboring boron planes, to give rise to
the observed 3-dimensional band structure. We show that
the crystal field configuration with maximum interlayer over-
lap, |J = 7/2, mJ = ±5/2〉 (Fig. 1), accounts well for the
anisotropy in the high temperature magnetic susceptibility.

The compound β-YbAlB4 crystallizes in an orthorhombic
structure (group Cmmm) [14], with ytterbium and aluminum
atoms sandwiched between boron layers. In this unusual
structure the Yb atoms are centered between seven-member
boron rings, as illustrated in Fig. 1, while the Al atoms are
centered between pentagonal rings of boron. A central ques-
tion raised by the structure, is whether the electronic structure
will be quasi-two dimensional as in the case of intercalated
graphite compounds. Our calculations indicate instead that
the two-dimensional layers of boron are “short-circuited” by
electrons of Yb and Al. The role of the Kondo effect in this
setting is particularly intriguing and will be discussed below.

For the band structure calculations, a full potential linear

i(r  ) 0c −

i(r  ) 0c +

Sj

Yb

Al

FIG. 1: (Color online) Local coordination of Yb atom (large spheres,
blue), suspended between two planes of boron heptagons (small
green spheres) and surrounded in-plane by a distorted rectangular
of Al atoms (red spheres). The proposed |mJ = ±5/2〉 ground state
wavefunction is also shown, see Eq. (4). Boron conduction electrons
c†(ri±)|0〉 interact with Yb spins Sj via layered Kondo lattice model
Eq. (2).

Nevidomskyy and Coleman (08)

Nodal hybridization
(Vortex in k-space)

Γ

Z

|V (k)|2 � |(k
x

+ ik
y

)4|
Tsvelik, Coleman, Nevidomskyy+ Ramires   (2011)

xk

E(k) / k4
?

E(k) / k4
?

E(k)

k

behavior. The absence of long-range magnetic
order in the a or b phase points to the presence of
competing magnetic interactions. Indeed, the
Weiss temperature QW ~ −110 K (Fig. 2A),
which is characteristic of an AFM, indicates the
importance of magnetic frustration. The competing
interplay of FM interactions and valence fluctu-
ations thus leads to Kondo lattice–like behavior
in a mixed-valent material, setting the stage for
quantum criticality to emerge at lower temper-
atures in b-YbAlB4.

A prominent feature of the quantum criticality
in b-YbAlB4 is the divergence of the magnetic
susceptibility c as T→ 0. By examining the field
evolution of magnetization M = −∂F/∂B as a
function of both T and B (12), we can accurately
probe the free-energy F near quantum criticality.
Figure 2A shows the T dependence of c(B) =M/B
for different values of B ‖ c. Spanning four orders
of magnitude in T and B, the data show a system-
atic evolution from a non-FL (NFL) metal with
divergent susceptibility at zero field (c ~ T −1/2)
to a FLwith finite c in a field gmBB ≳ kBT, where
kB is the Boltzmann constant.

Intriguingly, the evolution of M/B found in
the region T ≲ 3 K and B ≲ 2 T (Fig. 2A, inset)
can be collapsed onto a single scaling function of
the ratio T/B:

−
dM
dT

¼ B−1=2ϕ
T
B

! "

ð1Þ

as shown in Fig. 2B. The peak of the scaling
curve lies at kBT /gmBB ~ 1, marking a cross-over
between the FL and NFL regions, showing that
kBTF ~ gmBB plays the role of a field-induced
Fermi energy, as shown in the Fig. 2B inset.
Integrating both parts of Eq. 1, one obtains the
following scaling law for the free energy (12):

FQC ¼ B3=2f T
B

# $

ð2Þ

where f is a scaling function of the ratioT/Bwith the
limiting behavior f(x) º x3/2 in the NFL regime

(x >> 1) and f (x) º const + x2 in the FL phase
(x << 1). Indeed, the observed scaling of dM/dT
in Eq. 1 is best fitted withϕðxÞ ¼ L xðAþ x2Þ

a
2−2

(12), resulting in a particularly simple form of the
free energy:

FQC ¼ −
1

ðkBT̃Þ1=2
½ðgmBBÞ

2 þ ðkBTÞ2&3=4 ð3Þ

with the best fit obtained with effective moment
gmB = 1.94 mB and the energy scale kB T̃ ≈ 6.6 eV
of the order of the conduction electron bandwidth
(12). This means that the free energy depends
only on the distance from the origin in the (T,B)
phase diagram, similarly to the T/B scaling es-
tablished in the Tomonaga-Luttinger liquids in
one-dimensional metals (23, 24). Equation 3 im-
plies that the effective mass of the quasi-particles
diverges as m* ~ B−1/2 at the QCP (12). This
divergence in a three-dimensional material, to-
gether with the T/B scaling, cannot be accounted
for by the standard theory based on spin-density-
wave fluctuations (25, 26). Instead, it indicates a
breakdown of the FL driven by unconventional
quantum criticality.

The T/B scaling suggests that the critical
field Bc of the quantum phase transition is
actually zero. A finite Bc would require that the
argument of the scaling functions f (x) and ϕ(x)
is the ratio x = T/|B−Bc|, as seen for instance in
YbRh2Si2 (16). To place a bound on Bc, we
substituted this form for x into Eq. 1, seeking
the value of Bc that would best fit the exper-
imental data. The Pearson’s correlation co-
efficient R obtained for this fit (Fig. 2B, inset),
indicates that Bc is optimal at −0.1 T 0.1 mT.
The uncertainty is only a few times larger than
Earth’s magnetic field (~0.05 mT). More im-
portantly, it is two orders of magnitude smaller
than m0Hc2 = 30 mT and six orders of mag-
nitude smaller than valence fluctuation scale T0
~ 200 K. Thus, b-YbAlB4 provides an example
of essentially zero-field quantum criticality.

Further evidence for zero-field quantum
criticality is obtained from an analysis of the
magnetocaloric ratio, GH ≡ − 1

T
∂S=∂B
∂S=∂T ¼ − ∂M=∂T

C
(Fig. 3). Here, C is the total specific heat (12).
Our results show a clear divergence of GH/B as
T → 0 in the NFL regime, which is a strong
indicator of quantum criticality (27). From the
NFL regime, we can extract the critical field |Bc| <
0.2 mT, which is consistent with the estimate
of Bc obtained from the scaling behavior ofM
in Eq. 1 (fig. S2).

The simple T/B scaling in the thermodynam-
ics enables us to characterize the QC excitations
of b-YbAlB4. In particular, the collapse of all
magnetization data in terms of the dimensionless
ratio r = kBT/(gmBB) between the Boltzmann en-
ergy kBT and the Zeeman energy gmBB indicates
an absence of scale in the zero-field normal state.
Furthermore, the appearance of a field-induced
Fermi energy—linear over more than three dec-
ades in B—shows that the underlying critical
modes are magnetic in character.

Using the Heisenberg energy-time uncer-
tainty principle (DtDE ≳ ћ, where ћ is Planck’s
constant h divided by 2p), we can reinterpret
the T/B scaling in the time domain, visualizing
the field-induced FL as a kind of “quantum
soda” of bubbles of quantum critical matter of
finite duration tQ = ћ/gmBB, immersed in a FL.
At finite temperatures, thermodynamics aver-
ages the physics over a thermal time scale tT =
ћ/kBT; thus, the quantity r = tQ / tT ~ T/B in
the scaling is the ratio of the correlation time tQ
to the thermal time-scale tT. At low temper-
atures r << 1 (tT >> tQ), thermodynamics
probes the FL exterior of the bubbles, but
when r >> 1 and tT << tQ, it reflects the QC
interior of the bubbles. This accounts for the
cross-over between FL and QC behaviors at r ~
1. Moreover, T/B scaling over a wide range r
~ 10−1 to ~103 indicates that the quantum
fluctuations in the ground state are self-similar
down to 1/1000th of the correlation time tQ.

The observation of zero-field quantum criti-
cality in valence-fluctuating b-YbAlB4 cannot
naturally be interpreted as a conventional QCP,
which would require a fortuitous combination of
structure and chemistry to fine-tune the critical
field Bc to within 0.2 mT of zero. A more nat-
ural interpretation of the results is that b-YbAlB4

forms a quantum critical phase that is driven into
a FL state by an infinitesimal magnetic field. The
T/B scaling requires that the critical modes are
Zeeman-split by a field, and as such, various
scenarios—such as critical Fermi surfaces (28) or
local quantum criticality with E/T scaling (6)—
may be possible contenders for the explanation,
provided they can be stabilized as a phase. Es-
tablished theoretical examples of a critical phase
with T/B scaling include the Tomonaga-Luttinger
liquid in half-integer spin chains and the one-
dimensional Heisenberg ferromagnet (23, 24).
Experimentally, the d-electron metal MnSi is a
candidate for a quantum critical phase, with
anomalous transport exponents observed over a
range of applied pressure (29). Although present
work provides a strong indication for existence of
such a phase in b-YbAlB4, future studies—in
particular, under pressure—are necessary in order
to establish it definitively.
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Spectroscopy:
H-gap in STM/Optics

the resonant feature appears belowTo (Fig. 3b). In Fig. 4g–lwe show the
six g(q,E) Fourier transforms of each g(r,E) image from Fig. 4a–f
(Supplementary Fig. 5). Four significant advances are already apparent
in these unprocessed data. First, the wavevectors of the hidden-order
g(r,E) modulations are dispersing very rapidly (within the narrow
energy range of DOS(E) modifications in Fig. 3b); this is directly indi-
cative of heavy fermions in the hidden-order state. Second, the mag-
nitude of their characteristicq vectors,which are diminishing towards a
small value as they pass through the Fermi energy from below (see
Fig. 4i), suddenly jumps to a large value at a fewmillielectronvolts above
EF (see Fig. 4k). It therefore appears that the band supporting QPI is
widely split in k-space at this energy centred a few millielectronvolts
above EF. Third, the QPI oscillations are highly anisotropic in q-space
(Fig. 4g–l). Finally, the most intense modulations rotate by 45u when
they pass the energy (compare Fig. 4h and l), indicating a distinct
k-space electronic structure for the filled and empty gap-edge states.
As we show further in Fig. 5, all of these effects are characteristics of the
hidden-order state.

Evolutionofk-spacestructurefromFanolatticetohidden-orderstate

To determine the k-space electronic structure evolution into the
hidden-order state, we measure the temperature dependence of
QPI data equivalent to those in Fig. 4 from just above To down to
1.7 K. In Supplementary Fig. 6 we show the complete temperature
dependence of the dispersions of the most intense QPI modulations.
The key results are shown in Fig. 5a–d (related g(q, E) movies are
shown in the Supplementary Information) with the relevant q-space
directions indicated by the blue and red lines on Fig. 4g. With falling
temperature below To, we observe the rapid splitting of a light band

(crossing EF near (0,60.3)p/a0; (60.3,0)p/a0) into two far heavier
bands which become well separated in k-space and with quite differ-
ent anisotropies. The hybridization energy range as estimated from
the observed gap at the avoided crossing (see Fig. 1c) is shown by
horizontal arrows in Fig. 5 and appears anisotropic in k-space by a
factor of about two (Fig. 5c, d). This k-space structure can also be
modelled using equation (2) (Supplementary Fig. 7). Finally, the
DOS(E) changes detected in r-space (Fig. 3) occur within the same
narrow energy range and, moreover, are consistent with the gaps
deduced from thermodynamics and other spectroscopies (Sup-
plementary section VIII).

Absence of conventional density-wave states

Indications of a conventional density wave would include an energy
gap that spansEF,modulations at fixedQ* in topographic images, and
modulations at fixed Q* that are the same for empty and filled gap-
edge states in g(r, E). Searches for all these phenomena, which must
occur if the hidden-order state is a conventional density wave with
static wavevector Q* (ref. 35), were carried out. First, high-precision
topographic images of both Si-terminated andU-terminated surfaces
are acquired and analysed over the same range of temperatures as in
Fig. 3 searching for any additional, bias-independent, modulation
wavevectors Q* appearing below To in the Fourier transform of the
topograph. Second,we analyse all the g(r, E), in search ofmodulations
at fixed Q* which are the same for empty and filled gap-edge states.
Third, we consider the energy gap structure in k-space revealed by
Fig. 5c and d. Because these signatures are not observed at any tem-
perature belowTo for any topographs or g(r, E)maps (Supplementary
Fig. 2), and because the observed k-space alterations do not result in a
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Figure 5 | Emergence of the two new heavy bands below the hidden-order
transition. a, Dispersion of the primaryQPIwavevector forT.To along the
(0, 1) direction (see Fig. 4g). A single light hole-like band crosses EF.
b, Dispersion of the primary QPI wavevector for T.To along the (1, 1)
direction (see Fig. 4g). A single light hole-like band crosses EF. c, Dispersion
of the primary QPI wavevector for T< 5.9 K along the (0, 1) direction (see

Fig. 4g). Two heavy bands have evolved from the light band and becomewell
segregated in k-space within the hybridization gap. d, Dispersion of the
primaryQPI wavevector for T< 5.9 K along the (1, 1) direction (see Fig. 4g).
Two heavy bands have evolved from the light band and are again segregated
in k-space within the hybridization gap.
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the precise determination of the onset temperature difficult.
Regardless, we find the temperature dependence of ΔHOðTÞ to
follow a mean-field behavior with an onset temperature of
THO ∼ 16 K (Fig. 4C). Broken symmetry at the surface is likely
to influence the HO state and may account for the slightly
reduced observed onset temperature relative to that of bulk mea-
surements. An important aspect of the ΔHO is the fact that it de-
velops asymmetrically relative to the Fermi energy and it shifts
continuously to lower energies upon lowering of the temperature
(Fig. 2 C andD). We quantify the changes to ΔHO and its offset by
fitting the data to a BCS function form with an offset energy re-
lative to EF (Fig. 2 CandD and Fig. 4D; see the caption of Fig. 4).

The low temperature extrapolation, ΔHOð0Þ ¼ 4.1$ 0.2 meV,
yields 2ΔHOð0Þ∕kBTHO ¼ 5.8$ 0.3, which together with the value
of the specific heat coefficient γc ¼ C∕T for T > THO (8) within
the BCS formalism results in a specific heat jump at the transition
ofΔC ¼ 6.0$ 1.3 JK−1 mol−1, consistent with previous measure-
ments (7, 8, 12). The partial gapping of the Fermi surface ob-
served in our spectra also corroborates the recently observed
gapping of the incommensurate spin excitations by inelastic neu-
tron scattering experiments (12). Finally, the spectrum develops
additional, sharper features within ΔHO at the lowest tempera-
tures (Fig. 4B). Such lower energy features may be related to
the gapping of the commensurate spin excitations at the antifer-
romagnetic wave vector below THO also seen in inelastic neutron
scattering at an energy transfer of about 2 meV (11–13).

The spatial variation of the STM spectra provides additional
information about the nature of redistribution of the electronic
states that gives rise to ΔHO. In Fig. 5, we show energy-resolved
spectroscopic maps measured above and below THO, all of which
show modulation on the atomic scale. The measurements above
THO show no changes in their atomic contrast within the energy
range where the ΔHO is developed. In fact, the modulations in
these maps (Fig. 5 B–E) are because of the surface atomic struc-

ture but occur with a contrast that is opposite to that of the STM
topographies of the same region (Fig. 5A). However, observation
of reverse contrast in STM conductance maps is expected as a
consequence of the constant current condition. Similar measure-
ments below THO are also influenced by the constant current
condition, as shown in Fig. 5 G–J; nonetheless, these maps show
clear indication of the suppression of contrast associated with
ΔHO at low energies (within the gap; see Fig. 5F) and the conse-
quent enhancement at high energies (just outside the gap).

To isolate the spatial structure associated with ΔHO and to
overcome any artifacts associated with the measurement settings,
we divide the local conductance measured below THO by that
above for the same atomic region, as shown in Fig. 5 L–O. Such
maps for jV j < ΔHO illustrate that the suppression of the spectral
weight principally occurs in between the surface U atoms. These
maps are essentially the spatial variation of the conductance
ratios, shown in Fig. 4A. Therefore, consistent with the BCS-like
redistribution of spectral weight, we find that conductance map
ratios at energies just above ΔHO illustrate an enhancement be-
tween the surface U atoms. Quantifying these spatial variations
further, we also plot the correlation between the conductance
map ratios and the atomic locations above and below THO
(Fig. 5K) to show that ΔHO is strongest in between the surface
U atoms—i.e., at the same sites where tunneling to the Kondo
resonance is enhanced (Fig. 3E). Our observation that the
modulation in the tunneling amplitude into the Kondo resonance
correlates with the spatial structure of the HO gap shows that the
two phenomena involve the same electronic states.

Our finding of an asymmetric mean-field-like energy gap
would naively suggest the formation of a periodic redistribution
of charge and/or spin at the onset of the HO because of Fermi
surface nesting. However, consistent with previous scattering ex-
periments (8, 11–13), we find no evidence for any conventional
density wave in our experiments. Recently, it has been suggested

Fig. 4. Temperature dependence of the HO gap. (A and B) The experimental data below THO divided by the 18-K data. The data are fit to the form
DðVÞ ¼ ðV − V0 − iγÞ∕

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðV − V0 − iγÞ2 − Δ2

p
, which resembles an asymmetric BCS-like DOS with an offset from EF . V0, γ, and Δ are the gap position (offset from

the Fermi energy), the inverse quasi-particle lifetime, and the gap magnitude, respectively. A quasi-particle lifetime broadening of γ ∼ 1.5 mV was extracted
from the fits. (C) Temperature dependence of the gap extracted from the fits in A (Black Squares) and from a direct fit to the raw data of Fig. 2C (Blue Circles).
Both results are comparable within the error bars. The transition temperature THO ¼ 16.0$ 0.4 K is slightly lower than the bulk transition temperature
presumably as a consequence of the measurement being performed on the surface. (D) Temperature dependence of the gap position Vo extracted from
the fits. The line is a guide to the eye.
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the resonant feature appears belowTo (Fig. 3b). In Fig. 4g–lwe show the
six g(q,E) Fourier transforms of each g(r,E) image from Fig. 4a–f
(Supplementary Fig. 5). Four significant advances are already apparent
in these unprocessed data. First, the wavevectors of the hidden-order
g(r,E) modulations are dispersing very rapidly (within the narrow
energy range of DOS(E) modifications in Fig. 3b); this is directly indi-
cative of heavy fermions in the hidden-order state. Second, the mag-
nitude of their characteristicq vectors,which are diminishing towards a
small value as they pass through the Fermi energy from below (see
Fig. 4i), suddenly jumps to a large value at a fewmillielectronvolts above
EF (see Fig. 4k). It therefore appears that the band supporting QPI is
widely split in k-space at this energy centred a few millielectronvolts
above EF. Third, the QPI oscillations are highly anisotropic in q-space
(Fig. 4g–l). Finally, the most intense modulations rotate by 45u when
they pass the energy (compare Fig. 4h and l), indicating a distinct
k-space electronic structure for the filled and empty gap-edge states.
As we show further in Fig. 5, all of these effects are characteristics of the
hidden-order state.

Evolutionofk-spacestructurefromFanolatticetohidden-orderstate

To determine the k-space electronic structure evolution into the
hidden-order state, we measure the temperature dependence of
QPI data equivalent to those in Fig. 4 from just above To down to
1.7 K. In Supplementary Fig. 6 we show the complete temperature
dependence of the dispersions of the most intense QPI modulations.
The key results are shown in Fig. 5a–d (related g(q, E) movies are
shown in the Supplementary Information) with the relevant q-space
directions indicated by the blue and red lines on Fig. 4g. With falling
temperature below To, we observe the rapid splitting of a light band

(crossing EF near (0,60.3)p/a0; (60.3,0)p/a0) into two far heavier
bands which become well separated in k-space and with quite differ-
ent anisotropies. The hybridization energy range as estimated from
the observed gap at the avoided crossing (see Fig. 1c) is shown by
horizontal arrows in Fig. 5 and appears anisotropic in k-space by a
factor of about two (Fig. 5c, d). This k-space structure can also be
modelled using equation (2) (Supplementary Fig. 7). Finally, the
DOS(E) changes detected in r-space (Fig. 3) occur within the same
narrow energy range and, moreover, are consistent with the gaps
deduced from thermodynamics and other spectroscopies (Sup-
plementary section VIII).

Absence of conventional density-wave states

Indications of a conventional density wave would include an energy
gap that spansEF,modulations at fixedQ* in topographic images, and
modulations at fixed Q* that are the same for empty and filled gap-
edge states in g(r, E). Searches for all these phenomena, which must
occur if the hidden-order state is a conventional density wave with
static wavevector Q* (ref. 35), were carried out. First, high-precision
topographic images of both Si-terminated andU-terminated surfaces
are acquired and analysed over the same range of temperatures as in
Fig. 3 searching for any additional, bias-independent, modulation
wavevectors Q* appearing below To in the Fourier transform of the
topograph. Second,we analyse all the g(r, E), in search ofmodulations
at fixed Q* which are the same for empty and filled gap-edge states.
Third, we consider the energy gap structure in k-space revealed by
Fig. 5c and d. Because these signatures are not observed at any tem-
perature belowTo for any topographs or g(r, E)maps (Supplementary
Fig. 2), and because the observed k-space alterations do not result in a
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Figure 5 | Emergence of the two new heavy bands below the hidden-order
transition. a, Dispersion of the primaryQPIwavevector forT.To along the
(0, 1) direction (see Fig. 4g). A single light hole-like band crosses EF.
b, Dispersion of the primary QPI wavevector for T.To along the (1, 1)
direction (see Fig. 4g). A single light hole-like band crosses EF. c, Dispersion
of the primary QPI wavevector for T< 5.9 K along the (0, 1) direction (see

Fig. 4g). Two heavy bands have evolved from the light band and becomewell
segregated in k-space within the hybridization gap. d, Dispersion of the
primaryQPI wavevector for T< 5.9 K along the (1, 1) direction (see Fig. 4g).
Two heavy bands have evolved from the light band and are again segregated
in k-space within the hybridization gap.
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the precise determination of the onset temperature difficult.
Regardless, we find the temperature dependence of ΔHOðTÞ to
follow a mean-field behavior with an onset temperature of
THO ∼ 16 K (Fig. 4C). Broken symmetry at the surface is likely
to influence the HO state and may account for the slightly
reduced observed onset temperature relative to that of bulk mea-
surements. An important aspect of the ΔHO is the fact that it de-
velops asymmetrically relative to the Fermi energy and it shifts
continuously to lower energies upon lowering of the temperature
(Fig. 2 C andD). We quantify the changes to ΔHO and its offset by
fitting the data to a BCS function form with an offset energy re-
lative to EF (Fig. 2 CandD and Fig. 4D; see the caption of Fig. 4).

The low temperature extrapolation, ΔHOð0Þ ¼ 4.1$ 0.2 meV,
yields 2ΔHOð0Þ∕kBTHO ¼ 5.8$ 0.3, which together with the value
of the specific heat coefficient γc ¼ C∕T for T > THO (8) within
the BCS formalism results in a specific heat jump at the transition
ofΔC ¼ 6.0$ 1.3 JK−1 mol−1, consistent with previous measure-
ments (7, 8, 12). The partial gapping of the Fermi surface ob-
served in our spectra also corroborates the recently observed
gapping of the incommensurate spin excitations by inelastic neu-
tron scattering experiments (12). Finally, the spectrum develops
additional, sharper features within ΔHO at the lowest tempera-
tures (Fig. 4B). Such lower energy features may be related to
the gapping of the commensurate spin excitations at the antifer-
romagnetic wave vector below THO also seen in inelastic neutron
scattering at an energy transfer of about 2 meV (11–13).

The spatial variation of the STM spectra provides additional
information about the nature of redistribution of the electronic
states that gives rise to ΔHO. In Fig. 5, we show energy-resolved
spectroscopic maps measured above and below THO, all of which
show modulation on the atomic scale. The measurements above
THO show no changes in their atomic contrast within the energy
range where the ΔHO is developed. In fact, the modulations in
these maps (Fig. 5 B–E) are because of the surface atomic struc-

ture but occur with a contrast that is opposite to that of the STM
topographies of the same region (Fig. 5A). However, observation
of reverse contrast in STM conductance maps is expected as a
consequence of the constant current condition. Similar measure-
ments below THO are also influenced by the constant current
condition, as shown in Fig. 5 G–J; nonetheless, these maps show
clear indication of the suppression of contrast associated with
ΔHO at low energies (within the gap; see Fig. 5F) and the conse-
quent enhancement at high energies (just outside the gap).

To isolate the spatial structure associated with ΔHO and to
overcome any artifacts associated with the measurement settings,
we divide the local conductance measured below THO by that
above for the same atomic region, as shown in Fig. 5 L–O. Such
maps for jV j < ΔHO illustrate that the suppression of the spectral
weight principally occurs in between the surface U atoms. These
maps are essentially the spatial variation of the conductance
ratios, shown in Fig. 4A. Therefore, consistent with the BCS-like
redistribution of spectral weight, we find that conductance map
ratios at energies just above ΔHO illustrate an enhancement be-
tween the surface U atoms. Quantifying these spatial variations
further, we also plot the correlation between the conductance
map ratios and the atomic locations above and below THO
(Fig. 5K) to show that ΔHO is strongest in between the surface
U atoms—i.e., at the same sites where tunneling to the Kondo
resonance is enhanced (Fig. 3E). Our observation that the
modulation in the tunneling amplitude into the Kondo resonance
correlates with the spatial structure of the HO gap shows that the
two phenomena involve the same electronic states.

Our finding of an asymmetric mean-field-like energy gap
would naively suggest the formation of a periodic redistribution
of charge and/or spin at the onset of the HO because of Fermi
surface nesting. However, consistent with previous scattering ex-
periments (8, 11–13), we find no evidence for any conventional
density wave in our experiments. Recently, it has been suggested

Fig. 4. Temperature dependence of the HO gap. (A and B) The experimental data below THO divided by the 18-K data. The data are fit to the form
DðVÞ ¼ ðV − V0 − iγÞ∕

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðV − V0 − iγÞ2 − Δ2

p
, which resembles an asymmetric BCS-like DOS with an offset from EF . V0, γ, and Δ are the gap position (offset from

the Fermi energy), the inverse quasi-particle lifetime, and the gap magnitude, respectively. A quasi-particle lifetime broadening of γ ∼ 1.5 mV was extracted
from the fits. (C) Temperature dependence of the gap extracted from the fits in A (Black Squares) and from a direct fit to the raw data of Fig. 2C (Blue Circles).
Both results are comparable within the error bars. The transition temperature THO ¼ 16.0$ 0.4 K is slightly lower than the bulk transition temperature
presumably as a consequence of the measurement being performed on the surface. (D) Temperature dependence of the gap position Vo extracted from
the fits. The line is a guide to the eye.
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the resonant feature appears belowTo (Fig. 3b). In Fig. 4g–lwe show the
six g(q,E) Fourier transforms of each g(r,E) image from Fig. 4a–f
(Supplementary Fig. 5). Four significant advances are already apparent
in these unprocessed data. First, the wavevectors of the hidden-order
g(r,E) modulations are dispersing very rapidly (within the narrow
energy range of DOS(E) modifications in Fig. 3b); this is directly indi-
cative of heavy fermions in the hidden-order state. Second, the mag-
nitude of their characteristicq vectors,which are diminishing towards a
small value as they pass through the Fermi energy from below (see
Fig. 4i), suddenly jumps to a large value at a fewmillielectronvolts above
EF (see Fig. 4k). It therefore appears that the band supporting QPI is
widely split in k-space at this energy centred a few millielectronvolts
above EF. Third, the QPI oscillations are highly anisotropic in q-space
(Fig. 4g–l). Finally, the most intense modulations rotate by 45u when
they pass the energy (compare Fig. 4h and l), indicating a distinct
k-space electronic structure for the filled and empty gap-edge states.
As we show further in Fig. 5, all of these effects are characteristics of the
hidden-order state.

Evolutionofk-spacestructurefromFanolatticetohidden-orderstate

To determine the k-space electronic structure evolution into the
hidden-order state, we measure the temperature dependence of
QPI data equivalent to those in Fig. 4 from just above To down to
1.7 K. In Supplementary Fig. 6 we show the complete temperature
dependence of the dispersions of the most intense QPI modulations.
The key results are shown in Fig. 5a–d (related g(q, E) movies are
shown in the Supplementary Information) with the relevant q-space
directions indicated by the blue and red lines on Fig. 4g. With falling
temperature below To, we observe the rapid splitting of a light band

(crossing EF near (0,60.3)p/a0; (60.3,0)p/a0) into two far heavier
bands which become well separated in k-space and with quite differ-
ent anisotropies. The hybridization energy range as estimated from
the observed gap at the avoided crossing (see Fig. 1c) is shown by
horizontal arrows in Fig. 5 and appears anisotropic in k-space by a
factor of about two (Fig. 5c, d). This k-space structure can also be
modelled using equation (2) (Supplementary Fig. 7). Finally, the
DOS(E) changes detected in r-space (Fig. 3) occur within the same
narrow energy range and, moreover, are consistent with the gaps
deduced from thermodynamics and other spectroscopies (Sup-
plementary section VIII).

Absence of conventional density-wave states

Indications of a conventional density wave would include an energy
gap that spansEF,modulations at fixedQ* in topographic images, and
modulations at fixed Q* that are the same for empty and filled gap-
edge states in g(r, E). Searches for all these phenomena, which must
occur if the hidden-order state is a conventional density wave with
static wavevector Q* (ref. 35), were carried out. First, high-precision
topographic images of both Si-terminated andU-terminated surfaces
are acquired and analysed over the same range of temperatures as in
Fig. 3 searching for any additional, bias-independent, modulation
wavevectors Q* appearing below To in the Fourier transform of the
topograph. Second,we analyse all the g(r, E), in search ofmodulations
at fixed Q* which are the same for empty and filled gap-edge states.
Third, we consider the energy gap structure in k-space revealed by
Fig. 5c and d. Because these signatures are not observed at any tem-
perature belowTo for any topographs or g(r, E)maps (Supplementary
Fig. 2), and because the observed k-space alterations do not result in a
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Figure 5 | Emergence of the two new heavy bands below the hidden-order
transition. a, Dispersion of the primaryQPIwavevector forT.To along the
(0, 1) direction (see Fig. 4g). A single light hole-like band crosses EF.
b, Dispersion of the primary QPI wavevector for T.To along the (1, 1)
direction (see Fig. 4g). A single light hole-like band crosses EF. c, Dispersion
of the primary QPI wavevector for T< 5.9 K along the (0, 1) direction (see

Fig. 4g). Two heavy bands have evolved from the light band and becomewell
segregated in k-space within the hybridization gap. d, Dispersion of the
primaryQPI wavevector for T< 5.9 K along the (1, 1) direction (see Fig. 4g).
Two heavy bands have evolved from the light band and are again segregated
in k-space within the hybridization gap.
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the precise determination of the onset temperature difficult.
Regardless, we find the temperature dependence of ΔHOðTÞ to
follow a mean-field behavior with an onset temperature of
THO ∼ 16 K (Fig. 4C). Broken symmetry at the surface is likely
to influence the HO state and may account for the slightly
reduced observed onset temperature relative to that of bulk mea-
surements. An important aspect of the ΔHO is the fact that it de-
velops asymmetrically relative to the Fermi energy and it shifts
continuously to lower energies upon lowering of the temperature
(Fig. 2 C andD). We quantify the changes to ΔHO and its offset by
fitting the data to a BCS function form with an offset energy re-
lative to EF (Fig. 2 CandD and Fig. 4D; see the caption of Fig. 4).

The low temperature extrapolation, ΔHOð0Þ ¼ 4.1$ 0.2 meV,
yields 2ΔHOð0Þ∕kBTHO ¼ 5.8$ 0.3, which together with the value
of the specific heat coefficient γc ¼ C∕T for T > THO (8) within
the BCS formalism results in a specific heat jump at the transition
ofΔC ¼ 6.0$ 1.3 JK−1 mol−1, consistent with previous measure-
ments (7, 8, 12). The partial gapping of the Fermi surface ob-
served in our spectra also corroborates the recently observed
gapping of the incommensurate spin excitations by inelastic neu-
tron scattering experiments (12). Finally, the spectrum develops
additional, sharper features within ΔHO at the lowest tempera-
tures (Fig. 4B). Such lower energy features may be related to
the gapping of the commensurate spin excitations at the antifer-
romagnetic wave vector below THO also seen in inelastic neutron
scattering at an energy transfer of about 2 meV (11–13).

The spatial variation of the STM spectra provides additional
information about the nature of redistribution of the electronic
states that gives rise to ΔHO. In Fig. 5, we show energy-resolved
spectroscopic maps measured above and below THO, all of which
show modulation on the atomic scale. The measurements above
THO show no changes in their atomic contrast within the energy
range where the ΔHO is developed. In fact, the modulations in
these maps (Fig. 5 B–E) are because of the surface atomic struc-

ture but occur with a contrast that is opposite to that of the STM
topographies of the same region (Fig. 5A). However, observation
of reverse contrast in STM conductance maps is expected as a
consequence of the constant current condition. Similar measure-
ments below THO are also influenced by the constant current
condition, as shown in Fig. 5 G–J; nonetheless, these maps show
clear indication of the suppression of contrast associated with
ΔHO at low energies (within the gap; see Fig. 5F) and the conse-
quent enhancement at high energies (just outside the gap).

To isolate the spatial structure associated with ΔHO and to
overcome any artifacts associated with the measurement settings,
we divide the local conductance measured below THO by that
above for the same atomic region, as shown in Fig. 5 L–O. Such
maps for jV j < ΔHO illustrate that the suppression of the spectral
weight principally occurs in between the surface U atoms. These
maps are essentially the spatial variation of the conductance
ratios, shown in Fig. 4A. Therefore, consistent with the BCS-like
redistribution of spectral weight, we find that conductance map
ratios at energies just above ΔHO illustrate an enhancement be-
tween the surface U atoms. Quantifying these spatial variations
further, we also plot the correlation between the conductance
map ratios and the atomic locations above and below THO
(Fig. 5K) to show that ΔHO is strongest in between the surface
U atoms—i.e., at the same sites where tunneling to the Kondo
resonance is enhanced (Fig. 3E). Our observation that the
modulation in the tunneling amplitude into the Kondo resonance
correlates with the spatial structure of the HO gap shows that the
two phenomena involve the same electronic states.

Our finding of an asymmetric mean-field-like energy gap
would naively suggest the formation of a periodic redistribution
of charge and/or spin at the onset of the HO because of Fermi
surface nesting. However, consistent with previous scattering ex-
periments (8, 11–13), we find no evidence for any conventional
density wave in our experiments. Recently, it has been suggested

Fig. 4. Temperature dependence of the HO gap. (A and B) The experimental data below THO divided by the 18-K data. The data are fit to the form
DðVÞ ¼ ðV − V0 − iγÞ∕

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðV − V0 − iγÞ2 − Δ2

p
, which resembles an asymmetric BCS-like DOS with an offset from EF . V0, γ, and Δ are the gap position (offset from

the Fermi energy), the inverse quasi-particle lifetime, and the gap magnitude, respectively. A quasi-particle lifetime broadening of γ ∼ 1.5 mV was extracted
from the fits. (C) Temperature dependence of the gap extracted from the fits in A (Black Squares) and from a direct fit to the raw data of Fig. 2C (Blue Circles).
Both results are comparable within the error bars. The transition temperature THO ¼ 16.0$ 0.4 K is slightly lower than the bulk transition temperature
presumably as a consequence of the measurement being performed on the surface. (D) Temperature dependence of the gap position Vo extracted from
the fits. The line is a guide to the eye.
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the resonant feature appears belowTo (Fig. 3b). In Fig. 4g–lwe show the
six g(q,E) Fourier transforms of each g(r,E) image from Fig. 4a–f
(Supplementary Fig. 5). Four significant advances are already apparent
in these unprocessed data. First, the wavevectors of the hidden-order
g(r,E) modulations are dispersing very rapidly (within the narrow
energy range of DOS(E) modifications in Fig. 3b); this is directly indi-
cative of heavy fermions in the hidden-order state. Second, the mag-
nitude of their characteristicq vectors,which are diminishing towards a
small value as they pass through the Fermi energy from below (see
Fig. 4i), suddenly jumps to a large value at a fewmillielectronvolts above
EF (see Fig. 4k). It therefore appears that the band supporting QPI is
widely split in k-space at this energy centred a few millielectronvolts
above EF. Third, the QPI oscillations are highly anisotropic in q-space
(Fig. 4g–l). Finally, the most intense modulations rotate by 45u when
they pass the energy (compare Fig. 4h and l), indicating a distinct
k-space electronic structure for the filled and empty gap-edge states.
As we show further in Fig. 5, all of these effects are characteristics of the
hidden-order state.

Evolutionofk-spacestructurefromFanolatticetohidden-orderstate

To determine the k-space electronic structure evolution into the
hidden-order state, we measure the temperature dependence of
QPI data equivalent to those in Fig. 4 from just above To down to
1.7 K. In Supplementary Fig. 6 we show the complete temperature
dependence of the dispersions of the most intense QPI modulations.
The key results are shown in Fig. 5a–d (related g(q, E) movies are
shown in the Supplementary Information) with the relevant q-space
directions indicated by the blue and red lines on Fig. 4g. With falling
temperature below To, we observe the rapid splitting of a light band

(crossing EF near (0,60.3)p/a0; (60.3,0)p/a0) into two far heavier
bands which become well separated in k-space and with quite differ-
ent anisotropies. The hybridization energy range as estimated from
the observed gap at the avoided crossing (see Fig. 1c) is shown by
horizontal arrows in Fig. 5 and appears anisotropic in k-space by a
factor of about two (Fig. 5c, d). This k-space structure can also be
modelled using equation (2) (Supplementary Fig. 7). Finally, the
DOS(E) changes detected in r-space (Fig. 3) occur within the same
narrow energy range and, moreover, are consistent with the gaps
deduced from thermodynamics and other spectroscopies (Sup-
plementary section VIII).

Absence of conventional density-wave states

Indications of a conventional density wave would include an energy
gap that spansEF,modulations at fixedQ* in topographic images, and
modulations at fixed Q* that are the same for empty and filled gap-
edge states in g(r, E). Searches for all these phenomena, which must
occur if the hidden-order state is a conventional density wave with
static wavevector Q* (ref. 35), were carried out. First, high-precision
topographic images of both Si-terminated andU-terminated surfaces
are acquired and analysed over the same range of temperatures as in
Fig. 3 searching for any additional, bias-independent, modulation
wavevectors Q* appearing below To in the Fourier transform of the
topograph. Second,we analyse all the g(r, E), in search ofmodulations
at fixed Q* which are the same for empty and filled gap-edge states.
Third, we consider the energy gap structure in k-space revealed by
Fig. 5c and d. Because these signatures are not observed at any tem-
perature belowTo for any topographs or g(r, E)maps (Supplementary
Fig. 2), and because the observed k-space alterations do not result in a
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Figure 5 | Emergence of the two new heavy bands below the hidden-order
transition. a, Dispersion of the primaryQPIwavevector forT.To along the
(0, 1) direction (see Fig. 4g). A single light hole-like band crosses EF.
b, Dispersion of the primary QPI wavevector for T.To along the (1, 1)
direction (see Fig. 4g). A single light hole-like band crosses EF. c, Dispersion
of the primary QPI wavevector for T< 5.9 K along the (0, 1) direction (see

Fig. 4g). Two heavy bands have evolved from the light band and becomewell
segregated in k-space within the hybridization gap. d, Dispersion of the
primaryQPI wavevector for T< 5.9 K along the (1, 1) direction (see Fig. 4g).
Two heavy bands have evolved from the light band and are again segregated
in k-space within the hybridization gap.
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the precise determination of the onset temperature difficult.
Regardless, we find the temperature dependence of ΔHOðTÞ to
follow a mean-field behavior with an onset temperature of
THO ∼ 16 K (Fig. 4C). Broken symmetry at the surface is likely
to influence the HO state and may account for the slightly
reduced observed onset temperature relative to that of bulk mea-
surements. An important aspect of the ΔHO is the fact that it de-
velops asymmetrically relative to the Fermi energy and it shifts
continuously to lower energies upon lowering of the temperature
(Fig. 2 C andD). We quantify the changes to ΔHO and its offset by
fitting the data to a BCS function form with an offset energy re-
lative to EF (Fig. 2 CandD and Fig. 4D; see the caption of Fig. 4).

The low temperature extrapolation, ΔHOð0Þ ¼ 4.1$ 0.2 meV,
yields 2ΔHOð0Þ∕kBTHO ¼ 5.8$ 0.3, which together with the value
of the specific heat coefficient γc ¼ C∕T for T > THO (8) within
the BCS formalism results in a specific heat jump at the transition
ofΔC ¼ 6.0$ 1.3 JK−1 mol−1, consistent with previous measure-
ments (7, 8, 12). The partial gapping of the Fermi surface ob-
served in our spectra also corroborates the recently observed
gapping of the incommensurate spin excitations by inelastic neu-
tron scattering experiments (12). Finally, the spectrum develops
additional, sharper features within ΔHO at the lowest tempera-
tures (Fig. 4B). Such lower energy features may be related to
the gapping of the commensurate spin excitations at the antifer-
romagnetic wave vector below THO also seen in inelastic neutron
scattering at an energy transfer of about 2 meV (11–13).

The spatial variation of the STM spectra provides additional
information about the nature of redistribution of the electronic
states that gives rise to ΔHO. In Fig. 5, we show energy-resolved
spectroscopic maps measured above and below THO, all of which
show modulation on the atomic scale. The measurements above
THO show no changes in their atomic contrast within the energy
range where the ΔHO is developed. In fact, the modulations in
these maps (Fig. 5 B–E) are because of the surface atomic struc-

ture but occur with a contrast that is opposite to that of the STM
topographies of the same region (Fig. 5A). However, observation
of reverse contrast in STM conductance maps is expected as a
consequence of the constant current condition. Similar measure-
ments below THO are also influenced by the constant current
condition, as shown in Fig. 5 G–J; nonetheless, these maps show
clear indication of the suppression of contrast associated with
ΔHO at low energies (within the gap; see Fig. 5F) and the conse-
quent enhancement at high energies (just outside the gap).

To isolate the spatial structure associated with ΔHO and to
overcome any artifacts associated with the measurement settings,
we divide the local conductance measured below THO by that
above for the same atomic region, as shown in Fig. 5 L–O. Such
maps for jV j < ΔHO illustrate that the suppression of the spectral
weight principally occurs in between the surface U atoms. These
maps are essentially the spatial variation of the conductance
ratios, shown in Fig. 4A. Therefore, consistent with the BCS-like
redistribution of spectral weight, we find that conductance map
ratios at energies just above ΔHO illustrate an enhancement be-
tween the surface U atoms. Quantifying these spatial variations
further, we also plot the correlation between the conductance
map ratios and the atomic locations above and below THO
(Fig. 5K) to show that ΔHO is strongest in between the surface
U atoms—i.e., at the same sites where tunneling to the Kondo
resonance is enhanced (Fig. 3E). Our observation that the
modulation in the tunneling amplitude into the Kondo resonance
correlates with the spatial structure of the HO gap shows that the
two phenomena involve the same electronic states.

Our finding of an asymmetric mean-field-like energy gap
would naively suggest the formation of a periodic redistribution
of charge and/or spin at the onset of the HO because of Fermi
surface nesting. However, consistent with previous scattering ex-
periments (8, 11–13), we find no evidence for any conventional
density wave in our experiments. Recently, it has been suggested

Fig. 4. Temperature dependence of the HO gap. (A and B) The experimental data below THO divided by the 18-K data. The data are fit to the form
DðVÞ ¼ ðV − V0 − iγÞ∕

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðV − V0 − iγÞ2 − Δ2

p
, which resembles an asymmetric BCS-like DOS with an offset from EF . V0, γ, and Δ are the gap position (offset from

the Fermi energy), the inverse quasi-particle lifetime, and the gap magnitude, respectively. A quasi-particle lifetime broadening of γ ∼ 1.5 mV was extracted
from the fits. (C) Temperature dependence of the gap extracted from the fits in A (Black Squares) and from a direct fit to the raw data of Fig. 2C (Blue Circles).
Both results are comparable within the error bars. The transition temperature THO ¼ 16.0$ 0.4 K is slightly lower than the bulk transition temperature
presumably as a consequence of the measurement being performed on the surface. (D) Temperature dependence of the gap position Vo extracted from
the fits. The line is a guide to the eye.
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the resonant feature appears belowTo (Fig. 3b). In Fig. 4g–lwe show the
six g(q,E) Fourier transforms of each g(r,E) image from Fig. 4a–f
(Supplementary Fig. 5). Four significant advances are already apparent
in these unprocessed data. First, the wavevectors of the hidden-order
g(r,E) modulations are dispersing very rapidly (within the narrow
energy range of DOS(E) modifications in Fig. 3b); this is directly indi-
cative of heavy fermions in the hidden-order state. Second, the mag-
nitude of their characteristicq vectors,which are diminishing towards a
small value as they pass through the Fermi energy from below (see
Fig. 4i), suddenly jumps to a large value at a fewmillielectronvolts above
EF (see Fig. 4k). It therefore appears that the band supporting QPI is
widely split in k-space at this energy centred a few millielectronvolts
above EF. Third, the QPI oscillations are highly anisotropic in q-space
(Fig. 4g–l). Finally, the most intense modulations rotate by 45u when
they pass the energy (compare Fig. 4h and l), indicating a distinct
k-space electronic structure for the filled and empty gap-edge states.
As we show further in Fig. 5, all of these effects are characteristics of the
hidden-order state.

Evolutionofk-spacestructurefromFanolatticetohidden-orderstate

To determine the k-space electronic structure evolution into the
hidden-order state, we measure the temperature dependence of
QPI data equivalent to those in Fig. 4 from just above To down to
1.7 K. In Supplementary Fig. 6 we show the complete temperature
dependence of the dispersions of the most intense QPI modulations.
The key results are shown in Fig. 5a–d (related g(q, E) movies are
shown in the Supplementary Information) with the relevant q-space
directions indicated by the blue and red lines on Fig. 4g. With falling
temperature below To, we observe the rapid splitting of a light band

(crossing EF near (0,60.3)p/a0; (60.3,0)p/a0) into two far heavier
bands which become well separated in k-space and with quite differ-
ent anisotropies. The hybridization energy range as estimated from
the observed gap at the avoided crossing (see Fig. 1c) is shown by
horizontal arrows in Fig. 5 and appears anisotropic in k-space by a
factor of about two (Fig. 5c, d). This k-space structure can also be
modelled using equation (2) (Supplementary Fig. 7). Finally, the
DOS(E) changes detected in r-space (Fig. 3) occur within the same
narrow energy range and, moreover, are consistent with the gaps
deduced from thermodynamics and other spectroscopies (Sup-
plementary section VIII).

Absence of conventional density-wave states

Indications of a conventional density wave would include an energy
gap that spansEF,modulations at fixedQ* in topographic images, and
modulations at fixed Q* that are the same for empty and filled gap-
edge states in g(r, E). Searches for all these phenomena, which must
occur if the hidden-order state is a conventional density wave with
static wavevector Q* (ref. 35), were carried out. First, high-precision
topographic images of both Si-terminated andU-terminated surfaces
are acquired and analysed over the same range of temperatures as in
Fig. 3 searching for any additional, bias-independent, modulation
wavevectors Q* appearing below To in the Fourier transform of the
topograph. Second,we analyse all the g(r, E), in search ofmodulations
at fixed Q* which are the same for empty and filled gap-edge states.
Third, we consider the energy gap structure in k-space revealed by
Fig. 5c and d. Because these signatures are not observed at any tem-
perature belowTo for any topographs or g(r, E)maps (Supplementary
Fig. 2), and because the observed k-space alterations do not result in a
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Figure 5 | Emergence of the two new heavy bands below the hidden-order
transition. a, Dispersion of the primaryQPIwavevector forT.To along the
(0, 1) direction (see Fig. 4g). A single light hole-like band crosses EF.
b, Dispersion of the primary QPI wavevector for T.To along the (1, 1)
direction (see Fig. 4g). A single light hole-like band crosses EF. c, Dispersion
of the primary QPI wavevector for T< 5.9 K along the (0, 1) direction (see

Fig. 4g). Two heavy bands have evolved from the light band and becomewell
segregated in k-space within the hybridization gap. d, Dispersion of the
primaryQPI wavevector for T< 5.9 K along the (1, 1) direction (see Fig. 4g).
Two heavy bands have evolved from the light band and are again segregated
in k-space within the hybridization gap.
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the precise determination of the onset temperature difficult.
Regardless, we find the temperature dependence of ΔHOðTÞ to
follow a mean-field behavior with an onset temperature of
THO ∼ 16 K (Fig. 4C). Broken symmetry at the surface is likely
to influence the HO state and may account for the slightly
reduced observed onset temperature relative to that of bulk mea-
surements. An important aspect of the ΔHO is the fact that it de-
velops asymmetrically relative to the Fermi energy and it shifts
continuously to lower energies upon lowering of the temperature
(Fig. 2 C andD). We quantify the changes to ΔHO and its offset by
fitting the data to a BCS function form with an offset energy re-
lative to EF (Fig. 2 CandD and Fig. 4D; see the caption of Fig. 4).

The low temperature extrapolation, ΔHOð0Þ ¼ 4.1$ 0.2 meV,
yields 2ΔHOð0Þ∕kBTHO ¼ 5.8$ 0.3, which together with the value
of the specific heat coefficient γc ¼ C∕T for T > THO (8) within
the BCS formalism results in a specific heat jump at the transition
ofΔC ¼ 6.0$ 1.3 JK−1 mol−1, consistent with previous measure-
ments (7, 8, 12). The partial gapping of the Fermi surface ob-
served in our spectra also corroborates the recently observed
gapping of the incommensurate spin excitations by inelastic neu-
tron scattering experiments (12). Finally, the spectrum develops
additional, sharper features within ΔHO at the lowest tempera-
tures (Fig. 4B). Such lower energy features may be related to
the gapping of the commensurate spin excitations at the antifer-
romagnetic wave vector below THO also seen in inelastic neutron
scattering at an energy transfer of about 2 meV (11–13).

The spatial variation of the STM spectra provides additional
information about the nature of redistribution of the electronic
states that gives rise to ΔHO. In Fig. 5, we show energy-resolved
spectroscopic maps measured above and below THO, all of which
show modulation on the atomic scale. The measurements above
THO show no changes in their atomic contrast within the energy
range where the ΔHO is developed. In fact, the modulations in
these maps (Fig. 5 B–E) are because of the surface atomic struc-

ture but occur with a contrast that is opposite to that of the STM
topographies of the same region (Fig. 5A). However, observation
of reverse contrast in STM conductance maps is expected as a
consequence of the constant current condition. Similar measure-
ments below THO are also influenced by the constant current
condition, as shown in Fig. 5 G–J; nonetheless, these maps show
clear indication of the suppression of contrast associated with
ΔHO at low energies (within the gap; see Fig. 5F) and the conse-
quent enhancement at high energies (just outside the gap).

To isolate the spatial structure associated with ΔHO and to
overcome any artifacts associated with the measurement settings,
we divide the local conductance measured below THO by that
above for the same atomic region, as shown in Fig. 5 L–O. Such
maps for jV j < ΔHO illustrate that the suppression of the spectral
weight principally occurs in between the surface U atoms. These
maps are essentially the spatial variation of the conductance
ratios, shown in Fig. 4A. Therefore, consistent with the BCS-like
redistribution of spectral weight, we find that conductance map
ratios at energies just above ΔHO illustrate an enhancement be-
tween the surface U atoms. Quantifying these spatial variations
further, we also plot the correlation between the conductance
map ratios and the atomic locations above and below THO
(Fig. 5K) to show that ΔHO is strongest in between the surface
U atoms—i.e., at the same sites where tunneling to the Kondo
resonance is enhanced (Fig. 3E). Our observation that the
modulation in the tunneling amplitude into the Kondo resonance
correlates with the spatial structure of the HO gap shows that the
two phenomena involve the same electronic states.

Our finding of an asymmetric mean-field-like energy gap
would naively suggest the formation of a periodic redistribution
of charge and/or spin at the onset of the HO because of Fermi
surface nesting. However, consistent with previous scattering ex-
periments (8, 11–13), we find no evidence for any conventional
density wave in our experiments. Recently, it has been suggested

Fig. 4. Temperature dependence of the HO gap. (A and B) The experimental data below THO divided by the 18-K data. The data are fit to the form
DðVÞ ¼ ðV − V0 − iγÞ∕

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðV − V0 − iγÞ2 − Δ2

p
, which resembles an asymmetric BCS-like DOS with an offset from EF . V0, γ, and Δ are the gap position (offset from

the Fermi energy), the inverse quasi-particle lifetime, and the gap magnitude, respectively. A quasi-particle lifetime broadening of γ ∼ 1.5 mV was extracted
from the fits. (C) Temperature dependence of the gap extracted from the fits in A (Black Squares) and from a direct fit to the raw data of Fig. 2C (Blue Circles).
Both results are comparable within the error bars. The transition temperature THO ¼ 16.0$ 0.4 K is slightly lower than the bulk transition temperature
presumably as a consequence of the measurement being performed on the surface. (D) Temperature dependence of the gap position Vo extracted from
the fits. The line is a guide to the eye.

10386 ∣ www.pnas.org/cgi/doi/10.1073/pnas.1005892107 Aynajian et al.
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FIG. 1: a. Upper critical field Hc2 of the superconduct-
ing state in URu2Si2 determined from the onset of resistiv-
ity at ⇡ 30 mK. An example trace is shown in the inset.
b. Schematic representation of the angle-dependent magnetic
quantum oscillations adapted from Fig. 18 of reference [22],
with the indices of the spin zeroes indicated. In order to show
the oscillatory behavior, the sign of the amplitude is negated
on crossing each spin zero.

fermion condensate [20] for all orientations of the mag-
netic field � the exception being a narrow range of angles
within ⇠ 10� of the [100] axis in Fig. 2 (likely associated
with the dominant role of diamagnetic screening currents
once g⇤

e↵

is strongly suppressed [19]).
A further key observation is that the field orientation-

dependence of g⇤
e↵

in Fig. 2 is very di↵erent from the
usual isotropic case of g⇤ ⇡ 2 for band electrons (dotted
line), indicating the spin susceptibility of the quasipar-
ticles in URu

2

Si
2

to di↵er along the two distinct crys-
talline axes. Since the Zeeman splitting of the quasi-
particles is given by the projection M · Ĥ of the spin

magnetizationM = ⇢
µ

2
B
2

(g2
a

cos ✓, 0, g2
c

sin ✓)H alongH =
H(cos ✓, 0, sin ✓) [where ⇢ is the electronic density-of-

states], setting M · Ĥ = ⇢
µBg

⇤
eff

2

H defines an e↵ective
g-factor

g⇤
e↵

=
q

g2
c

sin2 ✓ + g2
a

cos2 ✓ (3)

that (in the case of a strong anisotropy) traces the form

FIG. 2: Polar plot of the field orientation-dependence of g⇤e↵
estimated using equations (1) and (2) represented by open
and closed circles respectively. Also shown, is a fit (solid line)
to equation (3) to g⇤e↵ , and the isotropic g⇤ ⇡ 2 (dotted line)
expected for conventional band electrons. In Fig. 1a we as-
sumeHc2 ⇡ Hp. In extracting g⇤e↵ from the index assignments
of g⇤e↵(m

⇤/me↵) in Fig. 1b, the weakly angle-dependent m⇤

is interpolated from the measured values in reference [22].

of a figure of ‘8.’ A fit to equation (3) in Fig. 2 (solid
line) yields g

c

= 2.65 ± 0.05 and g
a

= 0.0 ± 0.1, implying

a large anisotropy in the spin susceptibility �c

�a
=

�
gc

ga

�
2

.

To obtain a lower bound for the anistropy, we plot g
e↵

(circles) in Fig. 3 extracted from quantum oscillation ex-
periments [22] versus sin ✓ (in the vicinity of the cusp in
Fig. 2) together with the prediction (lines) for di↵erent

values of �a

�b
=

�
gc

ga

�
2

made using equation (3). The ob-
servation of a spin zero in Fig. 1 at angles as small as 3�

implies a lower bound �a

�b
& 1000. A smaller anisotropy

would be expected to lead to the observation of fewer spin
zeroes and nonlinearity in the plot with an upturn in g

e↵

at small values of sin ✓ (as shown in the simulations).

A large anisotropy in the magnetic susceptibility is the
behavior expected for local magnetic moments of large
angular momenta whose confinement within a crystal
lattice gives rise to an Ising anisotropy. Kondo cou-
pling provides the means by which such an anisotropy
can be transferred to itinerant electrons [8]. In the case
of an isolated magnetic impurity (i.e. an isolated mag-
netic moment), Kondo singlets can be considered the re-
sult of an antiferromagnetic coupling between the impu-
rity and conduction electron states expanded as partial
waves of the same angular momenta [26]. A Fermi liquid
composed of ‘composite heavy quasiparticles’ with heavy
e↵ective masses and local angular momentum quantum
numbers is one of the anticipated outcomes in a lattice
of moments should such partial states overlap and sat-
isfy Bloch’s theorem at low temperatures [27, 28], as ap-
pears to be the case in URu

2

Si
2

. The finding of a large
anisotropic impurity susceptibility ( �c

�a
⇠ 140) in the di-

M. M. Altarawneh, N. Harrison, S. E. Sebastian, et al.,  PRL (2011). 
H. Ohkuni et al., Phil. Mag. B 79, 1045 (1999).
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FIG. 3: a, Schematic showing the polarization of a parabolic
band caused by Zeeman splitting 2h resulting in the depopu-
lation of the minority spin component above a characteristic
field Hp defined in Eqn (1), b, Polar plot of the measured
�-dependent e⇥ective g-factor in URu2Si2 [18, 30] (black cir-
cles) together with a fit to g⇤ = gz cos � (black circle), where
gz = 2.6 (assuming the pseudospin convention of 1

2 ), and its
comparison with an isotropic g = 2 (red circle). c, Schematic
of the field-dependent cross-sectional areas of the up and
down-spin components for a Fermi surface consisting of a sin-
gle pocket, together with the ‘back projected’ quantum oscil-
lation frequency before F and after F +�F polarization. d,
The same schematic in which the frequency change �F 0 re-
sulting from polarization is weaker due to additional pockets
acting as a thermal reservoir.

made complicated by the spin dependence of the e⇥ective
mass [31, 32], URu2Si2 proves to be a simple exception.
16 spin zeroes are observed in the angle-dependent am-
plitude on rotating ⌃ [18], enabling the angle-dependence
of g⇤ to be mapped to greater detail than in any other
known material [29]. Each spin zero corresponds to an
odd integer value of the product m⇤g⇤/me (where me

is the free electron mass) at which the contributions of
two spin components destructively interfere. On plot-
ting the ⌃-dependence of g⇤ obtained after dividing this
product by the ⌃-dependent e⇥ective mass, g⇤ can be
seen to be extremely anisotropic compared to that g ⌅ 2
of ordinary free electrons. Such anisotropy implies that
the spin quantum numbers of the local 5f2 moments in
URu2Si2 are incorporated into the Fermi surface [30].
While g⇤ ⌅ 0 when H lies in the planes, reflecting the
vanishing Pauli susceptibility at that orientation, it rises
to a large value g⇤ ⌅ 2.6 when H is aligned along the
c-axis (as in the current experiment) causing spin polar-
ization to become a significant factor. In Fig. 1b we use
g⇤ ⌅ 2.6 to estimate the field

µ0Hp =
2Fme

m⇤g⇤
(1)

at which each pocket is expected to become spin polar-
ized. On comparing these values with the average inverse
applied magnetic field 1/(1/H), the frequency shifts tak-
ing place on entering magnetoresistance regimes IB and
IC can be seen to be correlated with the respective po-
larization of ⇤ and ⇥ (with ⇧ already being polarized for
µ0H ⇧ 11 T). Uncertainty in our estimated Hp values

originates from the experimental error in m⇤ and non-
linarities in the magnetization � the latter becoming rel-
evant above ⇤ 30 T [25, 26]. The observation of spin
zeroes in URu2Si2 [18] implies that the Zeeman splitting
is very linear (i.e. exhibiting spin-independent masses)
for H . 20 T.

To understand the shifts in frequency, we turn to the
schematics in Figs. 3c and d. For H < Hp, the field-
dependent Zeeman split pocket areas (Fig. 3c) yield a
‘back projected’ constant frequency of F = ( ~

2⇡e )A0,
where A0 is the area at H = 0, and a spin damping
factor Rs = cos(⇡m

⇤g⇤

2me
) [29] resulting from the relative

shift in phase between spin-up and -down quantum os-
cillations. Once H > Hp, however, the areas no longer
change with field, giving rise to a ‘back projected’ fre-
quency of F+�F ⌅ 3

⌥
4F that is shifted from its original

value. Here, we assume ellipsoidal pockets whose k-space
volumes for a single spin are double those for two spins.

The combined thermal mass (i.e. the Sommerfeld co-
e⇧cient) of multiple pockets in URu2Si2 will act as a
charge reservoir, causing the frequency shift to be re-
duced. The size of the reduction is approximately given
by the ratio �iP

i �i
of the thermal mass ⇤i ⌃ n

⌥
Fm⇤ of

the pocket undergoing polarization to the total thermal
mass

P
i ⇤i of all pockets (i = �, ⇥, ⇤, ⇧ and ⌅). Hence

�F 0 ⇤ �F ⇥
� �iP

i �i

�
. An inevitable consequence of the

minority spin being depopulated at Hp is that the chem-
ical potential must become field-dependent in order to
maintain charge neutrality, causing a shift in the back-
projected frequency of all pockets [28] � the sign of the
shift being opposite for opposing carrier types (i.e. � and
⇥ shift in opposite directions consistent with band pre-
dictions [11]). If we assume that all pockets occur once
in the Brillouin zone such that n = 1, with the exception
of ⇥ for which n = 4 [11, 24], we obtain �F 0 ⇤ 20 T and
150 T for the polarization of the ⇤ and ⇥ pockets respec-
tively. We can now understand why the second frequency
shift (between IB and IC) involving the ⇥ pocket polar-
ization is larger than the first (between IA and IB) in
Fig. 2� the ⇥ pocket represents a significantly greater
fraction of the total density-of-states.

While the non-linear magnetic susceptibility at fields
above ⌅ 30 T [25, 26] likely invalidates the simple form
assumed in Eqn (1) within that regime, the irregular ap-
pearance of the waveform and significant changes in the
Hall e⇥ect [27] suggest that �, ⌅ or both become polar-
ized in region ID. It is therefore likely that the polar-
ization of the majority of the Fermi surface precedes the
destruction of the HO phase I at ⌅ 35 T [26]. Finally,
in Fig. 4 we turn to the oscillatory structures obtained
within phases V and III on rising and falling magnetic
field � the hysteresis (see Fig. 1a) [4] causing the field
interval within each phase to become dependent on the
field sweep direction. The spacing in 1/H between con-
secutive oscillations corresponds to dominant frequencies
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FIG. 3: a, Schematic showing the polarization of a parabolic
band caused by Zeeman splitting 2h resulting in the depopu-
lation of the minority spin component above a characteristic
field Hp defined in Eqn (1), b, Polar plot of the measured
�-dependent e⇥ective g-factor in URu2Si2 [18, 30] (black cir-
cles) together with a fit to g⇤ = gz cos � (black circle), where
gz = 2.6 (assuming the pseudospin convention of 1

2 ), and its
comparison with an isotropic g = 2 (red circle). c, Schematic
of the field-dependent cross-sectional areas of the up and
down-spin components for a Fermi surface consisting of a sin-
gle pocket, together with the ‘back projected’ quantum oscil-
lation frequency before F and after F +�F polarization. d,
The same schematic in which the frequency change �F 0 re-
sulting from polarization is weaker due to additional pockets
acting as a thermal reservoir.

made complicated by the spin dependence of the e⇥ective
mass [31, 32], URu2Si2 proves to be a simple exception.
16 spin zeroes are observed in the angle-dependent am-
plitude on rotating ⌃ [18], enabling the angle-dependence
of g⇤ to be mapped to greater detail than in any other
known material [29]. Each spin zero corresponds to an
odd integer value of the product m⇤g⇤/me (where me

is the free electron mass) at which the contributions of
two spin components destructively interfere. On plot-
ting the ⌃-dependence of g⇤ obtained after dividing this
product by the ⌃-dependent e⇥ective mass, g⇤ can be
seen to be extremely anisotropic compared to that g ⌅ 2
of ordinary free electrons. Such anisotropy implies that
the spin quantum numbers of the local 5f2 moments in
URu2Si2 are incorporated into the Fermi surface [30].
While g⇤ ⌅ 0 when H lies in the planes, reflecting the
vanishing Pauli susceptibility at that orientation, it rises
to a large value g⇤ ⌅ 2.6 when H is aligned along the
c-axis (as in the current experiment) causing spin polar-
ization to become a significant factor. In Fig. 1b we use
g⇤ ⌅ 2.6 to estimate the field

µ0Hp =
2Fme

m⇤g⇤
(1)

at which each pocket is expected to become spin polar-
ized. On comparing these values with the average inverse
applied magnetic field 1/(1/H), the frequency shifts tak-
ing place on entering magnetoresistance regimes IB and
IC can be seen to be correlated with the respective po-
larization of ⇤ and ⇥ (with ⇧ already being polarized for
µ0H ⇧ 11 T). Uncertainty in our estimated Hp values

originates from the experimental error in m⇤ and non-
linarities in the magnetization � the latter becoming rel-
evant above ⇤ 30 T [25, 26]. The observation of spin
zeroes in URu2Si2 [18] implies that the Zeeman splitting
is very linear (i.e. exhibiting spin-independent masses)
for H . 20 T.

To understand the shifts in frequency, we turn to the
schematics in Figs. 3c and d. For H < Hp, the field-
dependent Zeeman split pocket areas (Fig. 3c) yield a
‘back projected’ constant frequency of F = ( ~

2⇡e )A0,
where A0 is the area at H = 0, and a spin damping
factor Rs = cos(⇡m

⇤g⇤

2me
) [29] resulting from the relative

shift in phase between spin-up and -down quantum os-
cillations. Once H > Hp, however, the areas no longer
change with field, giving rise to a ‘back projected’ fre-
quency of F+�F ⌅ 3

⌥
4F that is shifted from its original

value. Here, we assume ellipsoidal pockets whose k-space
volumes for a single spin are double those for two spins.

The combined thermal mass (i.e. the Sommerfeld co-
e⇧cient) of multiple pockets in URu2Si2 will act as a
charge reservoir, causing the frequency shift to be re-
duced. The size of the reduction is approximately given
by the ratio �iP

i �i
of the thermal mass ⇤i ⌃ n

⌥
Fm⇤ of

the pocket undergoing polarization to the total thermal
mass

P
i ⇤i of all pockets (i = �, ⇥, ⇤, ⇧ and ⌅). Hence

�F 0 ⇤ �F ⇥
� �iP

i �i

�
. An inevitable consequence of the

minority spin being depopulated at Hp is that the chem-
ical potential must become field-dependent in order to
maintain charge neutrality, causing a shift in the back-
projected frequency of all pockets [28] � the sign of the
shift being opposite for opposing carrier types (i.e. � and
⇥ shift in opposite directions consistent with band pre-
dictions [11]). If we assume that all pockets occur once
in the Brillouin zone such that n = 1, with the exception
of ⇥ for which n = 4 [11, 24], we obtain �F 0 ⇤ 20 T and
150 T for the polarization of the ⇤ and ⇥ pockets respec-
tively. We can now understand why the second frequency
shift (between IB and IC) involving the ⇥ pocket polar-
ization is larger than the first (between IA and IB) in
Fig. 2� the ⇥ pocket represents a significantly greater
fraction of the total density-of-states.

While the non-linear magnetic susceptibility at fields
above ⌅ 30 T [25, 26] likely invalidates the simple form
assumed in Eqn (1) within that regime, the irregular ap-
pearance of the waveform and significant changes in the
Hall e⇥ect [27] suggest that �, ⌅ or both become polar-
ized in region ID. It is therefore likely that the polar-
ization of the majority of the Fermi surface precedes the
destruction of the HO phase I at ⌅ 35 T [26]. Finally,
in Fig. 4 we turn to the oscillatory structures obtained
within phases V and III on rising and falling magnetic
field � the hysteresis (see Fig. 1a) [4] causing the field
interval within each phase to become dependent on the
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are Ising in nature (1, 23). While Ising anisotropy is automatic in integer spin doublets, in the

tetragonal crystalline environment of URu2Si2 the mixing of states differing by four quanta of

angular momenta (±4h̄) means that the Ising selection rule is absent for half-integer spins so

Ising anisotropy can not occur without extreme fine tuning (4). Thus an Ising anisotropy of the

itinerant quasiparticles requires an integer spin 5f 2 configuration for the U ion; moreover the

observation of paired Ising quasiparticles in a superconductor with Tc ∼ 1.5K indicates that

this 5f 2 configuration is degenerate to within an energy resolution of gµBHc ∼ 3K. The giant

anisotropy observed in the quantum oscillations thus indicates that the Ising anisotropy of this

integer spin doublet is transferred to the mobile quasiparticles through hybridization (24).

The conjectured hybridization of conduction electrons with an integer spin doublet in URu2Si2

has profound implications for the relationship of hidden order to time-reversal symmetry. Time-

reversal, denoted by Θ, is distinct from other discrete quantum symmetry operations as a anti-

unitary transformation ; consequently there is no conserved quantum number associated with

time-reversal (25). However double-reversal Θ2, is equivalent to a 2π rotation, forming a unitary

operator with an associated quantum number, the “Kramers index” K (25). The Kramers index,

K = (−1)2J of a quantum state of total angular momentum J defines the phase factor acquired

by its wavefunction after two successive time-reversals,Θ2|ψ〉 = K|ψ〉 = |ψ2π〉. An integer spin

state |m〉 is unchanged by a 2π rotation, so |m2π〉 = +|m〉 and K = 1. However, conduction

electrons with half-integer spin states, |kσ〉, where k is momentum and σ is the spin component,

change sign, |kσ2π〉 = −|kσ〉, so K = −1.

While conventional magnetism breaks time-reversal symmetry, it is invariant under dou-

ble reversals Θ2 so the Kramers index is conserved. However in URu2Si2, the hybridization

between integer and half-integer spin states requires a quasiparticle mixing term of the form

H = (V |kσ〉〈m| + H.c) that does not conserve the Kramers index. After two successive time-
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reversals

V |kσ〉〈m| → V 2π|kσ2π〉〈m2π| = −V 2π|kσ〉〈m|. (1)

Since the microscopic Hamiltonian is time-reversal invariant, it follows that V = −V 2π; the hy-

bridization thus breaks time-reversal symmetry in a fundamentally new way, playing the role of

an order parameter that, like a spinor, reverses under 2π rotations. The resulting “hastatic (Latin:

spear) order”, is a state of matter that breaks both single and double time-reversal symmetry and

is thus distinct from conventional magnetism.

Indirect support for time-reversal symmetry-breaking in the hidden order phase of URu2Si2 is

provided by recent magnetometry measurements that indicate the development of an anisotropic

basal-plane spin susceptibility, χxy, at the hidden order transition (18). As noted elsewhere (12),

χxy is a conduction electron response to scattering off the hidden order (c.f. Fig. 2.), leading to

a scattering matrix of the form

t(k) = (σx + σy)d(k) (2)

where d(k) is the scattering amplitude. This scattering matrix has been linked to a spin nematic

state (12), under the special condition that d(−k) = −d∗(k) to avoid time-reversal symmetry

breaking. However, if the scattering process involves resonant hybridization in the f-channel,

then d(k) is associated with resonant scattering off the f-state, a process with a real, even parity

scattering amplitude, d(k) = d(−k). In this case, the observed t-matrix is necessarily odd under

time-reversal in the hidden order phase.

This reasoning also explains a puzzling aspect of neutron scattering experiments. Under

pressure, URu2Si2 undergoes a first-order phase transition from the hidden order (HO) state to

an antiferromagnet (AFM) (26). These two states are remarkably close in energy and share

many key features (19, 27, 28) including common Fermi surface pockets; this motivated the re-

cent proposal that despite the first order transition separating the two phases, they are linked by

“adiabatic continuity,” (27) corresponding to a notional rotation of the HO in internal parameter
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basal-plane spin susceptibility, χxy, at the hidden order transition (18). As noted elsewhere (12),

χxy is a conduction electron response to scattering off the hidden order (c.f. Fig. 2.), leading to

a scattering matrix of the form

t(k) = (σx + σy)d(k) (2)

where d(k) is the scattering amplitude. This scattering matrix has been linked to a spin nematic

state (12), under the special condition that d(−k) = −d∗(k) to avoid time-reversal symmetry

breaking. However, if the scattering process involves resonant hybridization in the f-channel,

then d(k) is associated with resonant scattering off the f-state, a process with a real, even parity

scattering amplitude, d(k) = d(−k). In this case, the observed t-matrix is necessarily odd under

time-reversal in the hidden order phase.

This reasoning also explains a puzzling aspect of neutron scattering experiments. Under

pressure, URu2Si2 undergoes a first-order phase transition from the hidden order (HO) state to

an antiferromagnet (AFM) (26). These two states are remarkably close in energy and share

many key features (19, 27, 28) including common Fermi surface pockets; this motivated the re-

cent proposal that despite the first order transition separating the two phases, they are linked by

“adiabatic continuity,” (27) corresponding to a notional rotation of the HO in internal parameter
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tetragonal crystalline environment of URu2Si2 the mixing of states differing by four quanta of

angular momenta (±4h̄) means that the Ising selection rule is absent for half-integer spins so
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this 5f 2 configuration is degenerate to within an energy resolution of gµBHc ∼ 3K. The giant

anisotropy observed in the quantum oscillations thus indicates that the Ising anisotropy of this

integer spin doublet is transferred to the mobile quasiparticles through hybridization (24).

The conjectured hybridization of conduction electrons with an integer spin doublet in URu2Si2

has profound implications for the relationship of hidden order to time-reversal symmetry. Time-

reversal, denoted by Θ, is distinct from other discrete quantum symmetry operations as a anti-

unitary transformation ; consequently there is no conserved quantum number associated with

time-reversal (25). However double-reversal Θ2, is equivalent to a 2π rotation, forming a unitary

operator with an associated quantum number, the “Kramers index” K (25). The Kramers index,

K = (−1)2J of a quantum state of total angular momentum J defines the phase factor acquired

by its wavefunction after two successive time-reversals,Θ2|ψ〉 = K|ψ〉 = |ψ2π〉. An integer spin

state |m〉 is unchanged by a 2π rotation, so |m2π〉 = +|m〉 and K = 1. However, conduction

electrons with half-integer spin states, |kσ〉, where k is momentum and σ is the spin component,

change sign, |kσ2π〉 = −|kσ〉, so K = −1.

While conventional magnetism breaks time-reversal symmetry, it is invariant under dou-

ble reversals Θ2 so the Kramers index is conserved. However in URu2Si2, the hybridization

between integer and half-integer spin states requires a quasiparticle mixing term of the form

H = (V |kσ〉〈m| + H.c) that does not conserve the Kramers index. After two successive time-
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is thus a new kind of order parameter.
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“Hastatic order”    

hasta: spear (latin)

has developed a time-reversal violating component. The observation of band-folding in

the de-Haas van Alphen requires that this t-matrix contains a momentum non-conserving

component, namely

t(k,k′ω) ∼ t0(k,ω)1δk,k′ + #σ · #t⊥(k + Q,k,ω)δk,k′+Q

where #t⊥(k + Q,k,ω) = (tx(k,ω), ty(k,ω)). So for the conduction electrons, the t-matrix

contains the details of the broken symmetry.

Now the STM and ARPES results indicate that at T0, there is the development of an f-

resonance that hybridizes with the conduction electrons, as if the hybridization is the order

parameter. Remarkably, the Friedel oscillations in the hybridization that develop in the

hidden order state around Th dopant atoms (Kondo holes) is determined by the conduction

electron wavevector, a feature in accord with the expected behavior of a Kondo hole[6]. This

observation is in accord with the above reasoning. Thus taken together, the spectroscopy and

the magnetometry measurements suggest that the essence of the broken symmetry in the HO

phase of URu2Si2lies in the development of a broken symmetry component to the Kondo

t-matrix. Unlike conventional broken symmetries, here, the Landau parameter manifests

itself in the appearance of a strongly frequency dependent component to the scattering,

t⊥(k + Q,k,ω) ∼ Ψφ⊥(k). The change in the susceptibility is then given by ∆χxy = AΨ2,

where

A = 4

∫

d3k

(2π)3

dω

π
f(ω)Im

[

G0(k + Q,ω − iδ)2φx(k,ω − iδ)G0(k,ω − iδ)2φy(k,ω − iδ)
]

.

where G0(k) = (ω − εk)−1. In our theory, we interpret this phenomenon as the result of the

opening up a coherent Kondo resonance formed within a Γ5 doublet which necessarily breaks

time-reversal symmetry. The order parameter of this broken symmetry state is described

by a two-component hybridization

b =





b↑

b↓





In the magnetic phase,

b ∼





1

0



 , b ∼





0

1




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But if  the ground-state is a non-Kramer’s doublet, the 
Kondo effect occurs via an excited Kramer’s doublet. 
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metric Kondo model is a Fermi liquid. However, if the competing screening channels are

symmetry-equivalent, then non-Fermi liquid behavior and a residual entropy result. Is there

a deviation from perfect channel symmetry that is at once strong enough to destroy the

zero-point entropy whilst remaining weak enough to preserve some type of non-Fermi liquid

behavior? In two channel Kondo models, deviation from channel symmetry on the Fermi

surface immediately leads to Fermi liquid behavior. In principle this leaves open the possi-

bility of a marginal channel asymmetry that is absent at the Fermi surface but grows as one

moves away from it. For example, in the Γ5 scenario,1,11 one isospin direction is odd under

time-reversal whereas the other two are even. Thus there is weaker symmetry protection

than in the usual 2CKM scenario,12 and further investigation is necessary to see whether

marginal channel asymmetries exist here. We also note that an intermediate asymptotic

regime with TF (H) ∝ H can be obtained within the hexadecapolar Kondo scenario pro-

vided that the crystal-field splitting between the Γ1 and the Γ2 singlets is small and an

intermediate-coupling condition is obeyed.13

In conclusion, we have used high-resolution magnetization measurements to confirm the

absence of a zero-point entropy in TURS. Exploiting the fact that an applied field restores

Fermi liquid behavior in TURS, we find that the field-dependent Fermi temperature TF (H)

scales linearly with field rather than the quadratic behavior expected for the 2CKM. Since

this technique does not depend on subtraction issues, it would be interesting to apply it to

various impurity systems previously found to display quadrupolar Kondo behavior5 where we

expect TF (H) ∼ H4 or TF (s) ∼ s2 where s is strain. Of particular interest is the quadrupolar

Kondo candidate14 PrxLa1−xPb3 for x ≤ 0.05 where no ZPE has been observed. Finally,

we would like to encourage more low-field and low-temperature measurements on TURS to

learn more about the nature of its underlying impurity fixed point.

We acknowledge helpful discussions with N. Andrei, C. Bolech, D.L. Cox and M. B.

Maple. This work was supported in part by NSF DMR-0906943 (G. Kotliar and A. Tóth),

NSF NIRT-ECS-0608842 (P. Chandra) and DOE DE-FG02-99ER45790 (P. Coleman).

1 H. Amitsuka and T. Sakakibara, J. Phys. Soc. Japan 63, 736-47 (1994).

2 H. Amitsuka et al., Physica B 281 326-331 (2000).
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on alternating layers, which gives rise to a large staggered moment. In the hidden order

phase

b(x) ∼
1√
2





e−i(Q·x+φ)/2

ei(Q·x+φ)/2





on alternating layers. The non-Kramers, Ising character of the f-moment prevents it from

developing a transverse moment. The only residual moment that develops is a small con-

duction electron polarization. This polarization is controlled by the compensation theorem,

according to which changes in the conduction electron density and magnetization in the

Kondo effect are set by the ratio of the of the Kondo temperature to the conduction elec-

tron band-width

Mx,y ∼ O(TK/D) (1)

.

We now describe the detailed model. The action takes place inside a Γ5 doublet, which

can be written

|±〉 ∼ α|∓ 1〉 + β| ± 3〉

In an operator language, this can be written in the form

|+〉 = (αf †

Γ−
7 ↓

f †

Γ+
7 ↓

+ βf †
Γ6↑

f †

Γ+
7 ↑

)|0〉

|−〉 = (αf †

Γ−
7 ↑

f †

Γ+
7 ↑

+ βf †
Γ6↓

f †

Γ+
7 ↓

)|0〉 (2)

where, in the simplest rendition |Γ+
7 ↑〉 ∼ |5/2〉, |Γ−

7 ↑〉 ∼ |− 3/2〉. We will represent the Γ5

doublet by a slave fermion, as follows

f̃ †
η |0〉 = |η〉, (η = ±)

This operator represents the emergent composite fermion associated with the Kondo effect

between the conduction electrons and the non-Kramers doublet. The intermediate excited

state is a Γ7 doublet, represented by a Schwinger/Slave boson

b†σ|0〉 = |Γ+
7 σ〉 = a|5σ/2〉 + b|− 3σ/2〉. (σ = ±1)

The virtual processes involve

|f 2 : η〉 ⇀↽ c†ησb
†
σ|0〉

4
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Hybridization now carries spin and 
coherence necessarily breaks time-
reversal symmetry.
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Now the STM and ARPES results indicate that at T0, there is the development of an f-

resonance that hybridizes with the conduction electrons, as if the hybridization is the order

parameter. Remarkably, the Friedel oscillations in the hybridization that develop in the

hidden order state around Th dopant atoms (Kondo holes) is determined by the conduction

electron wavevector, a feature in accord with the expected behavior of a Kondo hole[6]. This

observation is in accord with the above reasoning. Thus taken together, the spectroscopy and

the magnetometry measurements suggest that the essence of the broken symmetry in the HO

phase of URu2Si2lies in the development of a broken symmetry component to the Kondo

t-matrix. Unlike conventional broken symmetries, here, the Landau parameter manifests

itself in the appearance of a strongly frequency dependent component to the scattering,

t⊥(k + Q,k,ω) ∼ Ψφ⊥(k). The change in the susceptibility is then given by ∆χxy = AΨ2,

where

A = 4

∫

d3k

(2π)3

dω

π
f(ω)Im

[

G0(k + Q,ω − iδ)2φx(k,ω − iδ)G0(k,ω − iδ)2φy(k,ω − iδ)
]

.

where G0(k) = (ω − εk)−1. In our theory, we interpret this phenomenon as the result of the

opening up a coherent Kondo resonance formed within a Γ5 doublet which necessarily breaks

time-reversal symmetry. The order parameter of this broken symmetry state is described

by a two-component hybridization

b =


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b↑
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
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In the magnetic phase,
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metric Kondo model is a Fermi liquid. However, if the competing screening channels are

symmetry-equivalent, then non-Fermi liquid behavior and a residual entropy result. Is there

a deviation from perfect channel symmetry that is at once strong enough to destroy the

zero-point entropy whilst remaining weak enough to preserve some type of non-Fermi liquid

behavior? In two channel Kondo models, deviation from channel symmetry on the Fermi

surface immediately leads to Fermi liquid behavior. In principle this leaves open the possi-

bility of a marginal channel asymmetry that is absent at the Fermi surface but grows as one

moves away from it. For example, in the Γ5 scenario,1,11 one isospin direction is odd under

time-reversal whereas the other two are even. Thus there is weaker symmetry protection

than in the usual 2CKM scenario,12 and further investigation is necessary to see whether

marginal channel asymmetries exist here. We also note that an intermediate asymptotic

regime with TF (H) ∝ H can be obtained within the hexadecapolar Kondo scenario pro-

vided that the crystal-field splitting between the Γ1 and the Γ2 singlets is small and an

intermediate-coupling condition is obeyed.13

In conclusion, we have used high-resolution magnetization measurements to confirm the

absence of a zero-point entropy in TURS. Exploiting the fact that an applied field restores

Fermi liquid behavior in TURS, we find that the field-dependent Fermi temperature TF (H)

scales linearly with field rather than the quadratic behavior expected for the 2CKM. Since

this technique does not depend on subtraction issues, it would be interesting to apply it to

various impurity systems previously found to display quadrupolar Kondo behavior5 where we

expect TF (H) ∼ H4 or TF (s) ∼ s2 where s is strain. Of particular interest is the quadrupolar

Kondo candidate14 PrxLa1−xPb3 for x ≤ 0.05 where no ZPE has been observed. Finally,

we would like to encourage more low-field and low-temperature measurements on TURS to

learn more about the nature of its underlying impurity fixed point.
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on alternating layers, which gives rise to a large staggered moment. In the hidden order

phase

b(x) ∼
1√
2





e−i(Q·x+φ)/2

ei(Q·x+φ)/2





on alternating layers. The non-Kramers, Ising character of the f-moment prevents it from

developing a transverse moment. The only residual moment that develops is a small con-

duction electron polarization. This polarization is controlled by the compensation theorem,

according to which changes in the conduction electron density and magnetization in the

Kondo effect are set by the ratio of the of the Kondo temperature to the conduction elec-

tron band-width

Mx,y ∼ O(TK/D) (1)

.

We now describe the detailed model. The action takes place inside a Γ5 doublet, which

can be written

|±〉 ∼ α|∓ 1〉 + β| ± 3〉

In an operator language, this can be written in the form

|+〉 = (αf †

Γ−
7 ↓

f †

Γ+
7 ↓

+ βf †
Γ6↑

f †

Γ+
7 ↑

)|0〉

|−〉 = (αf †

Γ−
7 ↑

f †

Γ+
7 ↑

+ βf †
Γ6↓

f †

Γ+
7 ↓

)|0〉 (2)

where, in the simplest rendition |Γ+
7 ↑〉 ∼ |5/2〉, |Γ−

7 ↑〉 ∼ |− 3/2〉. We will represent the Γ5

doublet by a slave fermion, as follows

f̃ †
η |0〉 = |η〉, (η = ±)

This operator represents the emergent composite fermion associated with the Kondo effect

between the conduction electrons and the non-Kramers doublet. The intermediate excited

state is a Γ7 doublet, represented by a Schwinger/Slave boson

b†σ|0〉 = |Γ+
7 σ〉 = a|5σ/2〉 + b|− 3σ/2〉. (σ = ±1)

The virtual processes involve

|f 2 : η〉 ⇀↽ c†ησb
†
σ|0〉
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But if  the ground-state is a non-Kramer’s doublet, the 
Kondo effect occurs via an excited Kramer’s doublet. 

Hybridization now carries spin and 
coherence necessarily breaks time-
reversal symmetry.

has developed a time-reversal violating component. The observation of band-folding in

the de-Haas van Alphen requires that this t-matrix contains a momentum non-conserving

component, namely

t(k,k′ω) ∼ t0(k,ω)1δk,k′ + #σ · #t⊥(k + Q,k,ω)δk,k′+Q

where #t⊥(k + Q,k,ω) = (tx(k,ω), ty(k,ω)). So for the conduction electrons, the t-matrix

contains the details of the broken symmetry.

Now the STM and ARPES results indicate that at T0, there is the development of an f-

resonance that hybridizes with the conduction electrons, as if the hybridization is the order

parameter. Remarkably, the Friedel oscillations in the hybridization that develop in the

hidden order state around Th dopant atoms (Kondo holes) is determined by the conduction

electron wavevector, a feature in accord with the expected behavior of a Kondo hole[6]. This

observation is in accord with the above reasoning. Thus taken together, the spectroscopy and

the magnetometry measurements suggest that the essence of the broken symmetry in the HO

phase of URu2Si2lies in the development of a broken symmetry component to the Kondo

t-matrix. Unlike conventional broken symmetries, here, the Landau parameter manifests

itself in the appearance of a strongly frequency dependent component to the scattering,

t⊥(k + Q,k,ω) ∼ Ψφ⊥(k). The change in the susceptibility is then given by ∆χxy = AΨ2,

where

A = 4

∫

d3k

(2π)3
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π
f(ω)Im

[

G0(k + Q,ω − iδ)2φx(k,ω − iδ)G0(k,ω − iδ)2φy(k,ω − iδ)
]

.

where G0(k) = (ω − εk)−1. In our theory, we interpret this phenomenon as the result of the

opening up a coherent Kondo resonance formed within a Γ5 doublet which necessarily breaks

time-reversal symmetry. The order parameter of this broken symmetry state is described

by a two-component hybridization

b =
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
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
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has developed a time-reversal violating component. The observation of band-folding in

the de-Haas van Alphen requires that this t-matrix contains a momentum non-conserving

component, namely

t(k,k′ω) ∼ t0(k,ω)1δk,k′ + #σ · #t⊥(k + Q,k,ω)δk,k′+Q

where #t⊥(k + Q,k,ω) = (tx(k,ω), ty(k,ω)). So for the conduction electrons, the t-matrix

contains the details of the broken symmetry.

Now the STM and ARPES results indicate that at T0, there is the development of an f-

resonance that hybridizes with the conduction electrons, as if the hybridization is the order

parameter. Remarkably, the Friedel oscillations in the hybridization that develop in the

hidden order state around Th dopant atoms (Kondo holes) is determined by the conduction

electron wavevector, a feature in accord with the expected behavior of a Kondo hole[6]. This

observation is in accord with the above reasoning. Thus taken together, the spectroscopy and

the magnetometry measurements suggest that the essence of the broken symmetry in the HO

phase of URu2Si2lies in the development of a broken symmetry component to the Kondo

t-matrix. Unlike conventional broken symmetries, here, the Landau parameter manifests

itself in the appearance of a strongly frequency dependent component to the scattering,

t⊥(k + Q,k,ω) ∼ Ψφ⊥(k). The change in the susceptibility is then given by ∆χxy = AΨ2,

where

A = 4

∫
d3k

(2π)3

dω

π
f(ω)Im

[

G0(k + Q,ω − iδ)2φx(k,ω − iδ)G0(k,ω − iδ)2φy(k,ω − iδ)
]

.

where G0(k) = (ω − εk)−1. In our theory, we interpret this phenomenon as the result of the

opening up a coherent Kondo resonance formed within a Γ5 doublet which necessarily breaks

time-reversal symmetry. The order parameter of this broken symmetry state is described

by a two-component hybridization

b =




b↑
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metric Kondo model is a Fermi liquid. However, if the competing screening channels are

symmetry-equivalent, then non-Fermi liquid behavior and a residual entropy result. Is there

a deviation from perfect channel symmetry that is at once strong enough to destroy the

zero-point entropy whilst remaining weak enough to preserve some type of non-Fermi liquid

behavior? In two channel Kondo models, deviation from channel symmetry on the Fermi

surface immediately leads to Fermi liquid behavior. In principle this leaves open the possi-

bility of a marginal channel asymmetry that is absent at the Fermi surface but grows as one

moves away from it. For example, in the Γ5 scenario,1,11 one isospin direction is odd under

time-reversal whereas the other two are even. Thus there is weaker symmetry protection

than in the usual 2CKM scenario,12 and further investigation is necessary to see whether

marginal channel asymmetries exist here. We also note that an intermediate asymptotic

regime with TF (H) ∝ H can be obtained within the hexadecapolar Kondo scenario pro-

vided that the crystal-field splitting between the Γ1 and the Γ2 singlets is small and an

intermediate-coupling condition is obeyed.13

In conclusion, we have used high-resolution magnetization measurements to confirm the

absence of a zero-point entropy in TURS. Exploiting the fact that an applied field restores

Fermi liquid behavior in TURS, we find that the field-dependent Fermi temperature TF (H)

scales linearly with field rather than the quadratic behavior expected for the 2CKM. Since

this technique does not depend on subtraction issues, it would be interesting to apply it to

various impurity systems previously found to display quadrupolar Kondo behavior5 where we

expect TF (H) ∼ H4 or TF (s) ∼ s2 where s is strain. Of particular interest is the quadrupolar

Kondo candidate14 PrxLa1−xPb3 for x ≤ 0.05 where no ZPE has been observed. Finally,

we would like to encourage more low-field and low-temperature measurements on TURS to

learn more about the nature of its underlying impurity fixed point.
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developing a transverse moment. The only residual moment that develops is a small con-

duction electron polarization. This polarization is controlled by the compensation theorem,

according to which changes in the conduction electron density and magnetization in the

Kondo effect are set by the ratio of the of the Kondo temperature to the conduction elec-

tron band-width

Mx,y ∼ O(TK/D) (1)

.

We now describe the detailed model. The action takes place inside a Γ5 doublet, which

can be written

|±〉 ∼ α|∓ 1〉 + β| ± 3〉

In an operator language, this can be written in the form
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|−〉 = (αf †
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Γ+
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)|0〉 (2)

where, in the simplest rendition |Γ+
7 ↑〉 ∼ |5/2〉, |Γ−

7 ↑〉 ∼ |− 3/2〉. We will represent the Γ5

doublet by a slave fermion, as follows

f̃ †
η |0〉 = |η〉, (η = ±)

This operator represents the emergent composite fermion associated with the Kondo effect

between the conduction electrons and the non-Kramers doublet. The intermediate excited

state is a Γ7 doublet, represented by a Schwinger/Slave boson

b†σ|0〉 = |Γ+
7 σ〉 = a|5σ/2〉 + b|− 3σ/2〉. (σ = ±1)

The virtual processes involve
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has developed a time-reversal violating component. The observation of band-folding in

the de-Haas van Alphen requires that this t-matrix contains a momentum non-conserving

component, namely

t(k,k′ω) ∼ t0(k,ω)1δk,k′ + #σ · #t⊥(k + Q,k,ω)δk,k′+Q

where #t⊥(k + Q,k,ω) = (tx(k,ω), ty(k,ω)). So for the conduction electrons, the t-matrix

contains the details of the broken symmetry.

Now the STM and ARPES results indicate that at T0, there is the development of an f-

resonance that hybridizes with the conduction electrons, as if the hybridization is the order

parameter. Remarkably, the Friedel oscillations in the hybridization that develop in the

hidden order state around Th dopant atoms (Kondo holes) is determined by the conduction

electron wavevector, a feature in accord with the expected behavior of a Kondo hole[6]. This

observation is in accord with the above reasoning. Thus taken together, the spectroscopy and

the magnetometry measurements suggest that the essence of the broken symmetry in the HO

phase of URu2Si2lies in the development of a broken symmetry component to the Kondo

t-matrix. Unlike conventional broken symmetries, here, the Landau parameter manifests

itself in the appearance of a strongly frequency dependent component to the scattering,

t⊥(k + Q,k,ω) ∼ Ψφ⊥(k). The change in the susceptibility is then given by ∆χxy = AΨ2,

where

A = 4

∫
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(2π)3
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f(ω)Im

[

G0(k + Q,ω − iδ)2φx(k,ω − iδ)G0(k,ω − iδ)2φy(k,ω − iδ)
]

.

where G0(k) = (ω − εk)−1. In our theory, we interpret this phenomenon as the result of the

opening up a coherent Kondo resonance formed within a Γ5 doublet which necessarily breaks

time-reversal symmetry. The order parameter of this broken symmetry state is described

by a two-component hybridization

b =
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where #t⊥(k + Q,k,ω) = (tx(k,ω), ty(k,ω)). So for the conduction electrons, the t-matrix

contains the details of the broken symmetry.

Now the STM and ARPES results indicate that at T0, there is the development of an f-

resonance that hybridizes with the conduction electrons, as if the hybridization is the order

parameter. Remarkably, the Friedel oscillations in the hybridization that develop in the

hidden order state around Th dopant atoms (Kondo holes) is determined by the conduction

electron wavevector, a feature in accord with the expected behavior of a Kondo hole[6]. This

observation is in accord with the above reasoning. Thus taken together, the spectroscopy and

the magnetometry measurements suggest that the essence of the broken symmetry in the HO
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t-matrix. Unlike conventional broken symmetries, here, the Landau parameter manifests
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metric Kondo model is a Fermi liquid. However, if the competing screening channels are

symmetry-equivalent, then non-Fermi liquid behavior and a residual entropy result. Is there

a deviation from perfect channel symmetry that is at once strong enough to destroy the

zero-point entropy whilst remaining weak enough to preserve some type of non-Fermi liquid

behavior? In two channel Kondo models, deviation from channel symmetry on the Fermi

surface immediately leads to Fermi liquid behavior. In principle this leaves open the possi-

bility of a marginal channel asymmetry that is absent at the Fermi surface but grows as one

moves away from it. For example, in the Γ5 scenario,1,11 one isospin direction is odd under

time-reversal whereas the other two are even. Thus there is weaker symmetry protection

than in the usual 2CKM scenario,12 and further investigation is necessary to see whether

marginal channel asymmetries exist here. We also note that an intermediate asymptotic

regime with TF (H) ∝ H can be obtained within the hexadecapolar Kondo scenario pro-

vided that the crystal-field splitting between the Γ1 and the Γ2 singlets is small and an

intermediate-coupling condition is obeyed.13

In conclusion, we have used high-resolution magnetization measurements to confirm the

absence of a zero-point entropy in TURS. Exploiting the fact that an applied field restores

Fermi liquid behavior in TURS, we find that the field-dependent Fermi temperature TF (H)

scales linearly with field rather than the quadratic behavior expected for the 2CKM. Since

this technique does not depend on subtraction issues, it would be interesting to apply it to

various impurity systems previously found to display quadrupolar Kondo behavior5 where we

expect TF (H) ∼ H4 or TF (s) ∼ s2 where s is strain. Of particular interest is the quadrupolar

Kondo candidate14 PrxLa1−xPb3 for x ≤ 0.05 where no ZPE has been observed. Finally,

we would like to encourage more low-field and low-temperature measurements on TURS to

learn more about the nature of its underlying impurity fixed point.
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on alternating layers. The non-Kramers, Ising character of the f-moment prevents it from

developing a transverse moment. The only residual moment that develops is a small con-

duction electron polarization. This polarization is controlled by the compensation theorem,

according to which changes in the conduction electron density and magnetization in the

Kondo effect are set by the ratio of the of the Kondo temperature to the conduction elec-

tron band-width

Mx,y ∼ O(TK/D) (1)

.

We now describe the detailed model. The action takes place inside a Γ5 doublet, which

can be written

|±〉 ∼ α|∓ 1〉 + β| ± 3〉

In an operator language, this can be written in the form

|+〉 = (αf †
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)|0〉 (2)

where, in the simplest rendition |Γ+
7 ↑〉 ∼ |5/2〉, |Γ−

7 ↑〉 ∼ |− 3/2〉. We will represent the Γ5

doublet by a slave fermion, as follows

f̃ †
η |0〉 = |η〉, (η = ±)

This operator represents the emergent composite fermion associated with the Kondo effect

between the conduction electrons and the non-Kramers doublet. The intermediate excited

state is a Γ7 doublet, represented by a Schwinger/Slave boson

b†σ|0〉 = |Γ+
7 σ〉 = a|5σ/2〉 + b|− 3σ/2〉. (σ = ±1)

The virtual processes involve

|f 2 : η〉 ⇀↽ c†ησb
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But if  the ground-state is a non-Kramer’s doublet, the 
Kondo effect occurs via an excited Kramer’s doublet. 

has developed a time-reversal violating component. The observation of band-folding in

the de-Haas van Alphen requires that this t-matrix contains a momentum non-conserving

component, namely

t(k,k′ω) ∼ t0(k,ω)1δk,k′ + #σ · #t⊥(k + Q,k,ω)δk,k′+Q

where #t⊥(k + Q,k,ω) = (tx(k,ω), ty(k,ω)). So for the conduction electrons, the t-matrix

contains the details of the broken symmetry.

Now the STM and ARPES results indicate that at T0, there is the development of an f-

resonance that hybridizes with the conduction electrons, as if the hybridization is the order

parameter. Remarkably, the Friedel oscillations in the hybridization that develop in the

hidden order state around Th dopant atoms (Kondo holes) is determined by the conduction

electron wavevector, a feature in accord with the expected behavior of a Kondo hole[6]. This

observation is in accord with the above reasoning. Thus taken together, the spectroscopy and

the magnetometry measurements suggest that the essence of the broken symmetry in the HO

phase of URu2Si2lies in the development of a broken symmetry component to the Kondo

t-matrix. Unlike conventional broken symmetries, here, the Landau parameter manifests

itself in the appearance of a strongly frequency dependent component to the scattering,

t⊥(k + Q,k,ω) ∼ Ψφ⊥(k). The change in the susceptibility is then given by ∆χxy = AΨ2,

where
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.

where G0(k) = (ω − εk)−1. In our theory, we interpret this phenomenon as the result of the

opening up a coherent Kondo resonance formed within a Γ5 doublet which necessarily breaks

time-reversal symmetry. The order parameter of this broken symmetry state is described
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has developed a time-reversal violating component. The observation of band-folding in

the de-Haas van Alphen requires that this t-matrix contains a momentum non-conserving

component, namely

t(k,k′ω) ∼ t0(k,ω)1δk,k′ + #σ · #t⊥(k + Q,k,ω)δk,k′+Q

where #t⊥(k + Q,k,ω) = (tx(k,ω), ty(k,ω)). So for the conduction electrons, the t-matrix

contains the details of the broken symmetry.

Now the STM and ARPES results indicate that at T0, there is the development of an f-

resonance that hybridizes with the conduction electrons, as if the hybridization is the order

parameter. Remarkably, the Friedel oscillations in the hybridization that develop in the

hidden order state around Th dopant atoms (Kondo holes) is determined by the conduction

electron wavevector, a feature in accord with the expected behavior of a Kondo hole[6]. This

observation is in accord with the above reasoning. Thus taken together, the spectroscopy and

the magnetometry measurements suggest that the essence of the broken symmetry in the HO

phase of URu2Si2lies in the development of a broken symmetry component to the Kondo

t-matrix. Unlike conventional broken symmetries, here, the Landau parameter manifests

itself in the appearance of a strongly frequency dependent component to the scattering,

t⊥(k + Q,k,ω) ∼ Ψφ⊥(k). The change in the susceptibility is then given by ∆χxy = AΨ2,

where

A = 4

∫
d3k

(2π)3
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f(ω)Im
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]

.

where G0(k) = (ω − εk)−1. In our theory, we interpret this phenomenon as the result of the

opening up a coherent Kondo resonance formed within a Γ5 doublet which necessarily breaks
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metric Kondo model is a Fermi liquid. However, if the competing screening channels are

symmetry-equivalent, then non-Fermi liquid behavior and a residual entropy result. Is there

a deviation from perfect channel symmetry that is at once strong enough to destroy the

zero-point entropy whilst remaining weak enough to preserve some type of non-Fermi liquid

behavior? In two channel Kondo models, deviation from channel symmetry on the Fermi

surface immediately leads to Fermi liquid behavior. In principle this leaves open the possi-

bility of a marginal channel asymmetry that is absent at the Fermi surface but grows as one

moves away from it. For example, in the Γ5 scenario,1,11 one isospin direction is odd under

time-reversal whereas the other two are even. Thus there is weaker symmetry protection

than in the usual 2CKM scenario,12 and further investigation is necessary to see whether

marginal channel asymmetries exist here. We also note that an intermediate asymptotic

regime with TF (H) ∝ H can be obtained within the hexadecapolar Kondo scenario pro-

vided that the crystal-field splitting between the Γ1 and the Γ2 singlets is small and an

intermediate-coupling condition is obeyed.13

In conclusion, we have used high-resolution magnetization measurements to confirm the

absence of a zero-point entropy in TURS. Exploiting the fact that an applied field restores

Fermi liquid behavior in TURS, we find that the field-dependent Fermi temperature TF (H)

scales linearly with field rather than the quadratic behavior expected for the 2CKM. Since

this technique does not depend on subtraction issues, it would be interesting to apply it to

various impurity systems previously found to display quadrupolar Kondo behavior5 where we

expect TF (H) ∼ H4 or TF (s) ∼ s2 where s is strain. Of particular interest is the quadrupolar

Kondo candidate14 PrxLa1−xPb3 for x ≤ 0.05 where no ZPE has been observed. Finally,

we would like to encourage more low-field and low-temperature measurements on TURS to

learn more about the nature of its underlying impurity fixed point.
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NSF NIRT-ECS-0608842 (P. Chandra) and DOE DE-FG02-99ER45790 (P. Coleman).

1 H. Amitsuka and T. Sakakibara, J. Phys. Soc. Japan 63, 736-47 (1994).

2 H. Amitsuka et al., Physica B 281 326-331 (2000).

8

b†�f±b†�f±

�7"�7#

�5

on alternating layers, which gives rise to a large staggered moment. In the hidden order

phase

b(x) ∼
1√
2





e−i(Q·x+φ)/2

ei(Q·x+φ)/2




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duction electron polarization. This polarization is controlled by the compensation theorem,

according to which changes in the conduction electron density and magnetization in the

Kondo effect are set by the ratio of the of the Kondo temperature to the conduction elec-

tron band-width

Mx,y ∼ O(TK/D) (1)

.

We now describe the detailed model. The action takes place inside a Γ5 doublet, which

can be written

|±〉 ∼ α|∓ 1〉 + β| ± 3〉

In an operator language, this can be written in the form
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where, in the simplest rendition |Γ+
7 ↑〉 ∼ |5/2〉, |Γ−

7 ↑〉 ∼ |− 3/2〉. We will represent the Γ5

doublet by a slave fermion, as follows

f̃ †
η |0〉 = |η〉, (η = ±)

This operator represents the emergent composite fermion associated with the Kondo effect

between the conduction electrons and the non-Kramers doublet. The intermediate excited

state is a Γ7 doublet, represented by a Schwinger/Slave boson

b†σ|0〉 = |Γ+
7 σ〉 = a|5σ/2〉 + b|− 3σ/2〉. (σ = ±1)

The virtual processes involve
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has developed a time-reversal violating component. The observation of band-folding in

the de-Haas van Alphen requires that this t-matrix contains a momentum non-conserving

component, namely

t(k,k′ω) ∼ t0(k,ω)1δk,k′ + #σ · #t⊥(k + Q,k,ω)δk,k′+Q

where #t⊥(k + Q,k,ω) = (tx(k,ω), ty(k,ω)). So for the conduction electrons, the t-matrix

contains the details of the broken symmetry.

Now the STM and ARPES results indicate that at T0, there is the development of an f-

resonance that hybridizes with the conduction electrons, as if the hybridization is the order

parameter. Remarkably, the Friedel oscillations in the hybridization that develop in the

hidden order state around Th dopant atoms (Kondo holes) is determined by the conduction

electron wavevector, a feature in accord with the expected behavior of a Kondo hole[6]. This

observation is in accord with the above reasoning. Thus taken together, the spectroscopy and

the magnetometry measurements suggest that the essence of the broken symmetry in the HO

phase of URu2Si2lies in the development of a broken symmetry component to the Kondo

t-matrix. Unlike conventional broken symmetries, here, the Landau parameter manifests

itself in the appearance of a strongly frequency dependent component to the scattering,

t⊥(k + Q,k,ω) ∼ Ψφ⊥(k). The change in the susceptibility is then given by ∆χxy = AΨ2,

where
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.

where G0(k) = (ω − εk)−1. In our theory, we interpret this phenomenon as the result of the

opening up a coherent Kondo resonance formed within a Γ5 doublet which necessarily breaks

time-reversal symmetry. The order parameter of this broken symmetry state is described
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where #t⊥(k + Q,k,ω) = (tx(k,ω), ty(k,ω)). So for the conduction electrons, the t-matrix

contains the details of the broken symmetry.

Now the STM and ARPES results indicate that at T0, there is the development of an f-

resonance that hybridizes with the conduction electrons, as if the hybridization is the order

parameter. Remarkably, the Friedel oscillations in the hybridization that develop in the

hidden order state around Th dopant atoms (Kondo holes) is determined by the conduction

electron wavevector, a feature in accord with the expected behavior of a Kondo hole[6]. This

observation is in accord with the above reasoning. Thus taken together, the spectroscopy and

the magnetometry measurements suggest that the essence of the broken symmetry in the HO

phase of URu2Si2lies in the development of a broken symmetry component to the Kondo

t-matrix. Unlike conventional broken symmetries, here, the Landau parameter manifests

itself in the appearance of a strongly frequency dependent component to the scattering,

t⊥(k + Q,k,ω) ∼ Ψφ⊥(k). The change in the susceptibility is then given by ∆χxy = AΨ2,

where
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]

.

where G0(k) = (ω − εk)−1. In our theory, we interpret this phenomenon as the result of the

opening up a coherent Kondo resonance formed within a Γ5 doublet which necessarily breaks

time-reversal symmetry. The order parameter of this broken symmetry state is described

by a two-component hybridization

b =


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Ising M~ O(1)

metric Kondo model is a Fermi liquid. However, if the competing screening channels are

symmetry-equivalent, then non-Fermi liquid behavior and a residual entropy result. Is there

a deviation from perfect channel symmetry that is at once strong enough to destroy the

zero-point entropy whilst remaining weak enough to preserve some type of non-Fermi liquid

behavior? In two channel Kondo models, deviation from channel symmetry on the Fermi

surface immediately leads to Fermi liquid behavior. In principle this leaves open the possi-

bility of a marginal channel asymmetry that is absent at the Fermi surface but grows as one

moves away from it. For example, in the Γ5 scenario,1,11 one isospin direction is odd under

time-reversal whereas the other two are even. Thus there is weaker symmetry protection

than in the usual 2CKM scenario,12 and further investigation is necessary to see whether

marginal channel asymmetries exist here. We also note that an intermediate asymptotic

regime with TF (H) ∝ H can be obtained within the hexadecapolar Kondo scenario pro-

vided that the crystal-field splitting between the Γ1 and the Γ2 singlets is small and an

intermediate-coupling condition is obeyed.13

In conclusion, we have used high-resolution magnetization measurements to confirm the

absence of a zero-point entropy in TURS. Exploiting the fact that an applied field restores

Fermi liquid behavior in TURS, we find that the field-dependent Fermi temperature TF (H)

scales linearly with field rather than the quadratic behavior expected for the 2CKM. Since

this technique does not depend on subtraction issues, it would be interesting to apply it to

various impurity systems previously found to display quadrupolar Kondo behavior5 where we

expect TF (H) ∼ H4 or TF (s) ∼ s2 where s is strain. Of particular interest is the quadrupolar

Kondo candidate14 PrxLa1−xPb3 for x ≤ 0.05 where no ZPE has been observed. Finally,

we would like to encourage more low-field and low-temperature measurements on TURS to

learn more about the nature of its underlying impurity fixed point.
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7 ↑〉 ∼ |− 3/2〉. We will represent the Γ5

doublet by a slave fermion, as follows
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This operator represents the emergent composite fermion associated with the Kondo effect

between the conduction electrons and the non-Kramers doublet. The intermediate excited
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t(k,k′ω) ∼ t0(k,ω)1δk,k′ + #σ · #t⊥(k + Q,k,ω)δk,k′+Q

where #t⊥(k + Q,k,ω) = (tx(k,ω), ty(k,ω)). So for the conduction electrons, the t-matrix

contains the details of the broken symmetry.

Now the STM and ARPES results indicate that at T0, there is the development of an f-

resonance that hybridizes with the conduction electrons, as if the hybridization is the order

parameter. Remarkably, the Friedel oscillations in the hybridization that develop in the

hidden order state around Th dopant atoms (Kondo holes) is determined by the conduction

electron wavevector, a feature in accord with the expected behavior of a Kondo hole[6]. This

observation is in accord with the above reasoning. Thus taken together, the spectroscopy and

the magnetometry measurements suggest that the essence of the broken symmetry in the HO

phase of URu2Si2lies in the development of a broken symmetry component to the Kondo

t-matrix. Unlike conventional broken symmetries, here, the Landau parameter manifests

itself in the appearance of a strongly frequency dependent component to the scattering,

t⊥(k + Q,k,ω) ∼ Ψφ⊥(k). The change in the susceptibility is then given by ∆χxy = AΨ2,
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Hidden order:  Mf = 0,     Mcond ~ TK/D
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behavior? In two channel Kondo models, deviation from channel symmetry on the Fermi

surface immediately leads to Fermi liquid behavior. In principle this leaves open the possi-
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moves away from it. For example, in the Γ5 scenario,1,11 one isospin direction is odd under
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than in the usual 2CKM scenario,12 and further investigation is necessary to see whether

marginal channel asymmetries exist here. We also note that an intermediate asymptotic

regime with TF (H) ∝ H can be obtained within the hexadecapolar Kondo scenario pro-

vided that the crystal-field splitting between the Γ1 and the Γ2 singlets is small and an

intermediate-coupling condition is obeyed.13

In conclusion, we have used high-resolution magnetization measurements to confirm the

absence of a zero-point entropy in TURS. Exploiting the fact that an applied field restores

Fermi liquid behavior in TURS, we find that the field-dependent Fermi temperature TF (H)

scales linearly with field rather than the quadratic behavior expected for the 2CKM. Since

this technique does not depend on subtraction issues, it would be interesting to apply it to

various impurity systems previously found to display quadrupolar Kondo behavior5 where we

expect TF (H) ∼ H4 or TF (s) ∼ s2 where s is strain. Of particular interest is the quadrupolar

Kondo candidate14 PrxLa1−xPb3 for x ≤ 0.05 where no ZPE has been observed. Finally,

we would like to encourage more low-field and low-temperature measurements on TURS to

learn more about the nature of its underlying impurity fixed point.
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NSF NIRT-ECS-0608842 (P. Chandra) and DOE DE-FG02-99ER45790 (P. Coleman).

1 H. Amitsuka and T. Sakakibara, J. Phys. Soc. Japan 63, 736-47 (1994).

2 H. Amitsuka et al., Physica B 281 326-331 (2000).

8

b = �H

✓
e�i(Q·x+�)/2

ei(Q·x+�)/2

◆

b†�f±b†�f±

�7"�7#

�5

on alternating layers, which gives rise to a large staggered moment. In the hidden order

phase

b(x) ∼
1√
2





e−i(Q·x+φ)/2

ei(Q·x+φ)/2





on alternating layers. The non-Kramers, Ising character of the f-moment prevents it from

developing a transverse moment. The only residual moment that develops is a small con-

duction electron polarization. This polarization is controlled by the compensation theorem,

according to which changes in the conduction electron density and magnetization in the

Kondo effect are set by the ratio of the of the Kondo temperature to the conduction elec-

tron band-width

Mx,y ∼ O(TK/D) (1)

.

We now describe the detailed model. The action takes place inside a Γ5 doublet, which

can be written

|±〉 ∼ α|∓ 1〉 + β| ± 3〉

In an operator language, this can be written in the form

|+〉 = (αf †

Γ−
7 ↓

f †

Γ+
7 ↓

+ βf †
Γ6↑

f †

Γ+
7 ↑

)|0〉

|−〉 = (αf †

Γ−
7 ↑

f †

Γ+
7 ↑

+ βf †
Γ6↓

f †

Γ+
7 ↓

)|0〉 (2)

where, in the simplest rendition |Γ+
7 ↑〉 ∼ |5/2〉, |Γ−

7 ↑〉 ∼ |− 3/2〉. We will represent the Γ5

doublet by a slave fermion, as follows

f̃ †
η |0〉 = |η〉, (η = ±)

This operator represents the emergent composite fermion associated with the Kondo effect

between the conduction electrons and the non-Kramers doublet. The intermediate excited

state is a Γ7 doublet, represented by a Schwinger/Slave boson

b†σ|0〉 = |Γ+
7 σ〉 = a|5σ/2〉 + b|− 3σ/2〉. (σ = ±1)

The virtual processes involve

|f 2 : η〉 ⇀↽ c†ησb
†
σ|0〉
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But if  the ground-state is a non-Kramer’s doublet, the 
Kondo effect occurs via an excited Kramer’s doublet. 

has developed a time-reversal violating component. The observation of band-folding in

the de-Haas van Alphen requires that this t-matrix contains a momentum non-conserving

component, namely

t(k,k′ω) ∼ t0(k,ω)1δk,k′ + #σ · #t⊥(k + Q,k,ω)δk,k′+Q

where #t⊥(k + Q,k,ω) = (tx(k,ω), ty(k,ω)). So for the conduction electrons, the t-matrix

contains the details of the broken symmetry.

Now the STM and ARPES results indicate that at T0, there is the development of an f-

resonance that hybridizes with the conduction electrons, as if the hybridization is the order

parameter. Remarkably, the Friedel oscillations in the hybridization that develop in the

hidden order state around Th dopant atoms (Kondo holes) is determined by the conduction

electron wavevector, a feature in accord with the expected behavior of a Kondo hole[6]. This

observation is in accord with the above reasoning. Thus taken together, the spectroscopy and

the magnetometry measurements suggest that the essence of the broken symmetry in the HO

phase of URu2Si2lies in the development of a broken symmetry component to the Kondo

t-matrix. Unlike conventional broken symmetries, here, the Landau parameter manifests

itself in the appearance of a strongly frequency dependent component to the scattering,

t⊥(k + Q,k,ω) ∼ Ψφ⊥(k). The change in the susceptibility is then given by ∆χxy = AΨ2,

where

A = 4

∫

d3k

(2π)3

dω

π
f(ω)Im

[

G0(k + Q,ω − iδ)2φx(k,ω − iδ)G0(k,ω − iδ)2φy(k,ω − iδ)
]

.

where G0(k) = (ω − εk)−1. In our theory, we interpret this phenomenon as the result of the

opening up a coherent Kondo resonance formed within a Γ5 doublet which necessarily breaks

time-reversal symmetry. The order parameter of this broken symmetry state is described

by a two-component hybridization

b =





b↑

b↓





In the magnetic phase,

b ∼
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1

0
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1
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Hidden order:  Mf = 0,     Mcond ~ TK/D

metric Kondo model is a Fermi liquid. However, if the competing screening channels are

symmetry-equivalent, then non-Fermi liquid behavior and a residual entropy result. Is there

a deviation from perfect channel symmetry that is at once strong enough to destroy the

zero-point entropy whilst remaining weak enough to preserve some type of non-Fermi liquid

behavior? In two channel Kondo models, deviation from channel symmetry on the Fermi

surface immediately leads to Fermi liquid behavior. In principle this leaves open the possi-

bility of a marginal channel asymmetry that is absent at the Fermi surface but grows as one

moves away from it. For example, in the Γ5 scenario,1,11 one isospin direction is odd under

time-reversal whereas the other two are even. Thus there is weaker symmetry protection

than in the usual 2CKM scenario,12 and further investigation is necessary to see whether

marginal channel asymmetries exist here. We also note that an intermediate asymptotic

regime with TF (H) ∝ H can be obtained within the hexadecapolar Kondo scenario pro-

vided that the crystal-field splitting between the Γ1 and the Γ2 singlets is small and an

intermediate-coupling condition is obeyed.13

In conclusion, we have used high-resolution magnetization measurements to confirm the

absence of a zero-point entropy in TURS. Exploiting the fact that an applied field restores

Fermi liquid behavior in TURS, we find that the field-dependent Fermi temperature TF (H)

scales linearly with field rather than the quadratic behavior expected for the 2CKM. Since

this technique does not depend on subtraction issues, it would be interesting to apply it to

various impurity systems previously found to display quadrupolar Kondo behavior5 where we

expect TF (H) ∼ H4 or TF (s) ∼ s2 where s is strain. Of particular interest is the quadrupolar

Kondo candidate14 PrxLa1−xPb3 for x ≤ 0.05 where no ZPE has been observed. Finally,

we would like to encourage more low-field and low-temperature measurements on TURS to

learn more about the nature of its underlying impurity fixed point.

We acknowledge helpful discussions with N. Andrei, C. Bolech, D.L. Cox and M. B.

Maple. This work was supported in part by NSF DMR-0906943 (G. Kotliar and A. Tóth),

NSF NIRT-ECS-0608842 (P. Chandra) and DOE DE-FG02-99ER45790 (P. Coleman).
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2 H. Amitsuka et al., Physica B 281 326-331 (2000).
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Γ5  : Fundamentally Ising.
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Figure 1: (a) A normal Kondo effect occurs in ions with an odd number of f-electrons, where the ground
state is guaranteed to be doubly degenerate by time-reversal symmetry (known as a Kramers doublet).
Virtual valence fluctations to an excited singlet state are associated with a scalar hybridization. (b) In
URu2Si2, quasiparticles inherit an Ising symmetry from a 5f2 non-Kramers doublet. Loss or gain of an
electron necessarily leads to an excited Kramers doublet, and the development of a coherent hybridization
is associated with a two-component spinor hybridization that carries a magnetic quantum number and
must therefore develop at a phase transition. (c) Phase diagram for hastatic order, showing how tuning the
parameter λ ∝ (P − Pc). leads to a spin flop between hastatic order and Ising magnetic order. Inset: at
the 1st order line, the longitudinal spin gap is predicted to vanish as ∆ ∝

√
Pc − P .
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corresponding to time-reversed configurations on alternating layers A and B, leading to a large

staggered Ising moment; in the HO state, it points in the basal plane

ΨA ∼
1√
2

(

e−iφ/2

eiφ/2

)

, ΨB ∼
1√
2

(

−e−iφ/2

eiφ/2

)

, (5)

where again, ΨB = ΘΨA and it is protected from developing a large moment by the pure Ising

character of the 5f 2 ground-state.

Hastatic order permits a direct realization of the adiabatic continuity between the HO and

AFM in terms of a single Landau functional for the free energy

f [T, P ] = α(Tc − T )|Ψ|2 + β|Ψ|4 − γ(Ψ†σzΨ)2 (6)

where γ = η(P − Pc) is a pressure-tuned anisotropy term. The phase diagram predicted by this

free energy is shown in Fig. 1 (c). When P < Pc(T ), the vector Ψ†&σΨ = |Ψ|2(nx, ny, 0) lies

in the basal plane, resulting in hastatic order. At P = Pc, there is a first order “spin-flop” into

an magnetic state where Ψ†&σΨ = |Ψ|2(0, 0,±1) lies along the c-axis. In the HO state, rotations

between hastatic and AFM order will lead to a gapped Ising collective mode at wavevector which

we identify with the longitudinal spin fluctuations observed in inelastic neutron scattering (30).

At the first order line, P = Pc, the quartic anisotropy term vanishes; we predict that the gap to

longitudinal spin fluctuations will vanish according to ∆ ∝
√

γ|Ψ|2 ∼ |Ψ|
√

Pc(T )− P (for

more details see supporting online material). Experimental observation of this feature would

provide direct confirmation of the adiabatic connection and the common origin of the hidden and

AFM order.

We now present a microscopic model that relates hastatic order to the valence fluctuations

in URu2Si2. Our theory is based on a two-channel Anderson lattice model where the uranium

ground-state is a 5f 2 Ising Γ5 doublet (4), |±〉 = a| ± 3〉+ b|∓ 1〉, written in terms of J = 5/2

f-electrons in the three tetragonal orbitals Γ±
7 and Γ6

|+〉 = (af †

Γ−

7 ↓
f †

Γ+
7 ↓

+ bf †
Γ6↑

f †

Γ+
7 ↑
)|0〉
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Figure 3: Magnetic response of hastatic order. (a) Polar plot of calculated g-factor, g(θ) averaged over
the Fermi surface, as a function of magnetic field angle θ (see SOM for details), compared with results
of Altarawneh et al. (20), overlaid in green. (b) As a consequence of the broken time-reversal symmetry,
we predict a staggered conduction electron moment that onsets at the HO transition with a linear Tc − T
temperature dependence (staggering pattern shown in inset). The magnitude of this moment is governed by
TK/D ∼ .01µB/U . (c) We have calculated the tetragonal symmetry breaking component of the uniform
susceptibility, χxy(T ). To compare our results to Okazaki et al (18) (overlaid as green squares), we have
plotted the two-fold oscillation amplitude of the magnetic torque, A (in black), where A cos 2φ ≡ τ2φ

V =

−µ0H2

V cos 2φχxy(T ). A goes as (Tc − T )2 just below the HO transition. For details of our calculation,
including parameter choices, please see the supporting online material (32).
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Transverse moment in conduction sea
m~ O(TK/D)

Hastatic order exhibits nematicity,  accounting for 
anisotropic Χxy observed in torque magnetometry.
 (Okazaki et al, Science 2011)



Figure 4: Density of states and resonant nematicity predicted by theory. Upper panel: density of states
as a function of energy predicted by model calculation (blue line), showing f and conduction electron
components. Red line, voltage dependence of nematicity η(V ) in model calculation of scanning tunneling
spectrum. Lower panels: spatial dependence of density of states for selected bias voltages in model
calculation of scanning tunneling spectrum, showing the resonant character of the nematicity.
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