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A. C. Hewson, The Kondo problem to heavy fermions
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Smoking gun: Resistance minima ☛ Magnetic impurity
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The	impurity	resis-vity:�

The	first	term	is	the	phonon	contribu-on,	the	second	
term	 is	 the	 temperature	 independent	 contribu-on	
from	 the	 impurity	 sca9ering	 and	 the	 final	 term	 the	
third	order	contribu-on	from	the	spin	sca9ering	with	
the	local	moment.�
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localization vs itinerancy Dynamical mean-field theory



 

Hybridization Coherence

P. Coeleman, Heavy Fermions: Electron at the Edge of Magnetism



Ø Magnetism and (conventional) SC are mutually exclusive.  

Ø Anomaly depression in Ce . 
Why?�

(B.	T.	Ma(hias,	et	al,	PRL	1,	92	(1958))	�



L.	P.	Gor’kov�A.	A.	Abrikosov�
(A.	A.	Abrikosov,	L.	P.	Gor’kov,	JETP,	12,	1243(1961))	�

(M.	B.	Maple,	Phys.	Le0.,	26A,	513(1968))	�



M.	B.	Maple	
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Some d-electron systems: LiV2O4, CaCu3Ir4O12 …
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✓ CeAl3 𝛾=1.62 J/mol K2 @1975
✓ CeCu2Si2 Tc=0.5 K @1979
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 Historic development of heavy fermions

✓ CeAl3 𝛾=1.62 J/mol K2 @1975
✓ CeCu2Si2 Tc=0.5 K @1979

Serials� Compounds� 	(�� � 
� nodes�

�)��
��(AFM	
SC)�

CeCu2Si2� 0.6-0.7� 1000� No�

CeCu2Ge2� 0.64(10.1GPa)� 200� ��

CePd2Si2� 0.43	(3GPa)� 65� ��

CeRh2Si2� 0.42	(1.06GPa)� 23� ��

CeAu2Si2� 2.5K(22.5GPa)� -� -�
CeNi2Ge2� 0.3� 350� ��

CenMmIn3n+2m	
(AFM	SC)�

CeIn3� 0.23	(2.46GPa)� 140� Line�
CeIrIn5� 0.4� 750� Line�
CeCoIn5� 2.3� 250� Line�
CeRhIn5� 2.4	(2.3GPa)� 430� ��

CePt2In7� 2.3	(3.1GPa)� 340� ��

Ce2RhIn8� 2.0	(2.3GPa)� 400� ��

Ce2PdIn8� 0.68� 550� Line�
Ce2CoIn8� 0.4� 500� -	�

Ce3PdIn11� 0.42� 290� ��

Ce-based	non-
centresymmet

ric	SC�

CePt3Si� 0.75� 390� Line�

CeIrSi3� 1.65	(2.5GPa)� 120� ��

CeRhSi3� 1.0	(2.6GPa)� 120� ��

CeCoGe3� 0.69	(6.5GPa)� 32� ��

Other	Ce-
based	AFM	SC�

CeNiGe3� 0.43	(6.8GPa)� 45� ��

Ce2Ni3Ge5� 0.26	(4.0GPa)� 90� ��

CePd5Al2� 0.57	(10.8GPa)� 56� ��

Serials� Compounds� 	(�� � 
� nodes�

U-based	AFM	SC�

UPd2Al3� 2.0� 210� Line�
UNi2Al3� 1.06� 120� ��

UBe13� 0.95� 1000� No�
U6Fe� 3.8� 157� ��

UPt3� 0.53,	0.48� 440� Line,	Point�

U-based	FM	SC�

UGe2� 0.8	(~1.2GPa)� 34� Line�
URhGe� 0.3� 164� ��
UCoGe� 0.6� 57� Point�
UIr� 0.15	(~2.6GPa)� 49� ��

U2PtC2� 1.47� 150� ��

Hidden	order	SC� URu2Si2� 1.5� 70� Line�

Pr-based	SC�
PrOs4Sb12� 1.85� 500� ��

PrTi2Al20� 0.2,	1.1(8.7GPa)� 100� ��

PrV2Al20� 0.05� 90� ��

Pu-based	SC	
(Pu-115)�

PuCoGa5� 18.5� 77� Line�
PuCoIn5� 2.5� 200� Line�
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PuRhIn5� 1.6� 350� Line�

Np-based	SC� NpPd5Al2� 4.9� 200� Point�

Yb-based	SC�
β-YbAlB4� 0.08� 150� -�
YbRh2Si2� 0.002� -� ��

(γ——
mJ·mol-1·K-2)	

Serials� Compounds� 	(�� � 
� nodes�

�)��
��(AFM	
SC)�

CeCu2Si2� 0.6-0.7� 1000� No�

CeCu2Ge2� 0.64(10.1GPa)� 200� ��

CePd2Si2� 0.43	(3GPa)� 65� ��

CeRh2Si2� 0.42	(1.06GPa)� 23� ��

CeAu2Si2� 2.5K(22.5GPa)� -� -�
CeNi2Ge2� 0.3� 350� ��

CenMmIn3n+2m	
(AFM	SC)�

CeIn3� 0.23	(2.46GPa)� 140� Line�
CeIrIn5� 0.4� 750� Line�
CeCoIn5� 2.3� 250� Line�
CeRhIn5� 2.4	(2.3GPa)� 430� ��

CePt2In7� 2.3	(3.1GPa)� 340� ��

Ce2RhIn8� 2.0	(2.3GPa)� 400� ��

Ce2PdIn8� 0.68� 550� Line�
Ce2CoIn8� 0.4� 500� -	�

Ce3PdIn11� 0.42� 290� ��

Ce-based	non-
centresymmet

ric	SC�

CePt3Si� 0.75� 390� Line�

CeIrSi3� 1.65	(2.5GPa)� 120� ��

CeRhSi3� 1.0	(2.6GPa)� 120� ��

CeCoGe3� 0.69	(6.5GPa)� 32� ��

Other	Ce-
based	AFM	SC�

CeNiGe3� 0.43	(6.8GPa)� 45� ��

Ce2Ni3Ge5� 0.26	(4.0GPa)� 90� ��

CePd5Al2� 0.57	(10.8GPa)� 56� ��

Serials� Compounds� 	(�� � 
� nodes�

U-based	AFM	SC�

UPd2Al3� 2.0� 210� Line�
UNi2Al3� 1.06� 120� ��

UBe13� 0.95� 1000� No�
U6Fe� 3.8� 157� ��

UPt3� 0.53,	0.48� 440� Line,	Point�

U-based	FM	SC�

UGe2� 0.8	(~1.2GPa)� 34� Line�
URhGe� 0.3� 164� ��
UCoGe� 0.6� 57� Point�
UIr� 0.15	(~2.6GPa)� 49� ��

U2PtC2� 1.47� 150� ��

Hidden	order	SC� URu2Si2� 1.5� 70� Line�

Pr-based	SC�
PrOs4Sb12� 1.85� 500� ��

PrTi2Al20� 0.2,	1.1(8.7GPa)� 100� ��

PrV2Al20� 0.05� 90� ��

Pu-based	SC	
(Pu-115)�

PuCoGa5� 18.5� 77� Line�
PuCoIn5� 2.5� 200� Line�
PuRhGa5� 8.7� 70� Line�
PuRhIn5� 1.6� 350� Line�

Np-based	SC� NpPd5Al2� 4.9� 200� Point�

Yb-based	SC�
β-YbAlB4� 0.08� 150� -�
YbRh2Si2� 0.002� -� ��

(γ——
mJ·mol-1·K-2)	



 Historic development of heavy fermions

✓ CeAl3 𝛾=1.62 J/mol K2 @1975
✓ CeCu2Si2 Tc=0.5 K @1979
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Serials� Compounds� 	(�� � 
� nodes�

�)��
��(AFM	
SC)�

CeCu2Si2� 0.6-0.7� 1000� No�

CeCu2Ge2� 0.64(10.1GPa)� 200� ��

CePd2Si2� 0.43	(3GPa)� 65� ��

CeRh2Si2� 0.42	(1.06GPa)� 23� ��

CeAu2Si2� 2.5K(22.5GPa)� -� -�
CeNi2Ge2� 0.3� 350� ��

CenMmIn3n+2m	
(AFM	SC)�

CeIn3� 0.23	(2.46GPa)� 140� Line�
CeIrIn5� 0.4� 750� Line�
CeCoIn5� 2.3� 250� Line�
CeRhIn5� 2.4	(2.3GPa)� 430� ��

CePt2In7� 2.3	(3.1GPa)� 340� ��

Ce2RhIn8� 2.0	(2.3GPa)� 400� ��

Ce2PdIn8� 0.68� 550� Line�
Ce2CoIn8� 0.4� 500� -	�

Ce3PdIn11� 0.42� 290� ��

Ce-based	non-
centresymmet

ric	SC�

CePt3Si� 0.75� 390� Line�

CeIrSi3� 1.65	(2.5GPa)� 120� ��

CeRhSi3� 1.0	(2.6GPa)� 120� ��

CeCoGe3� 0.69	(6.5GPa)� 32� ��

Other	Ce-
based	AFM	SC�

CeNiGe3� 0.43	(6.8GPa)� 45� ��

Ce2Ni3Ge5� 0.26	(4.0GPa)� 90� ��

CePd5Al2� 0.57	(10.8GPa)� 56� ��

Serials� Compounds� 	(�� � 
� nodes�

U-based	AFM	SC�

UPd2Al3� 2.0� 210� Line�
UNi2Al3� 1.06� 120� ��

UBe13� 0.95� 1000� No�
U6Fe� 3.8� 157� ��

UPt3� 0.53,	0.48� 440� Line,	Point�

U-based	FM	SC�

UGe2� 0.8	(~1.2GPa)� 34� Line�
URhGe� 0.3� 164� ��
UCoGe� 0.6� 57� Point�
UIr� 0.15	(~2.6GPa)� 49� ��

U2PtC2� 1.47� 150� ��

Hidden	order	SC� URu2Si2� 1.5� 70� Line�

Pr-based	SC�
PrOs4Sb12� 1.85� 500� ��

PrTi2Al20� 0.2,	1.1(8.7GPa)� 100� ��

PrV2Al20� 0.05� 90� ��

Pu-based	SC	
(Pu-115)�

PuCoGa5� 18.5� 77� Line�
PuCoIn5� 2.5� 200� Line�
PuRhGa5� 8.7� 70� Line�
PuRhIn5� 1.6� 350� Line�

Np-based	SC� NpPd5Al2� 4.9� 200� Point�

Yb-based	SC�
β-YbAlB4� 0.08� 150� -�
YbRh2Si2� 0.002� -� ��

(γ——
mJ·mol-1·K-2)	

(F.$Steglich,$PPT)�

Discovery of HF Superconductors 
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 Historic development of heavy fermions

✓ CeAl3 𝛾=1.62 J/mol K2 @1975
✓ CeCu2Si2 Tc=0.5 K @1979
✓ URu2Si2 Hidden order @1985

� Weak%itinerant%antiferromagnetism

� Static%CDW\SDW%transition

� Local%U7moment%antiferromagnet

����������������
����
��	���
�	


	
 ������

	� �������

3"interpretations"on"magnetic"transition(T0)

(T.%T.%M.%Palstra%et%al,%PRL%55,%2727(1985))

(M.%B.%Maple%et%al,%PRL%56,%185(1986))

(W.%Schlabitz%et%al,%Z.%Phys.%B%62,%171(1986))

URu2Si2:(me+reversal1symmetry1broken1in1SC�

Polar&Kerr&effect�

(E.1R.1Schemm1et1al,1PRB,191,1140506(R)
(2015))�

•  Polar1Kerr1effect:1(me+reversal1symmetry1broken1in1superconduc(vity.�

URu2Si2:(nema-city�

•  42fold(rota-on(symmetry(broken(into(22fold(rota-on(symmetry(in(in2plane(
suscep-bility(below(T<THO,(which(was(aCributed(to(spin(nema-city.�

URu2Si2:(Hidden(order(theory)�
Theories((recent(contribu8on)�

(J.(A.(Mydosh,(P.(M.(Oppeneer,(Phil.(Mag.(94,(3642
(2014))�

Proposals(of(mul8pole(
magne8c(ordering(for(HO�



 Historic development of heavy fermions

✓ CeAl3 𝛾=1.62 J/mol K2 @1975
✓ CeCu2Si2 Tc=0.5 K @1979
✓ URu2Si2 Hidden order @1985
✓ Ce3Bi4Pt3 Kondo insulator @1992
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hybridization

Kondo-insulator

(G.-Aeppli,-Z.-Fisk,-Comment.-Cond.-Mat.-
Phys.-16,-155(1992))

Ce3Bi4Pt3



 Historic development of heavy fermions

✓ CeAl3 𝛾=1.62 J/mol K2 @1975
✓ CeCu2Si2 Tc=0.5 K @1979
✓ URu2Si2 Hidden order @1985
✓ Ce3Bi4Pt3 Kondo insulator @1992
✓ SmB6 Topological KI @2010

Topological)surface)states)in)SmB6�

(N.)Xu)et)al,)ncomms)5,)4566(2014))� (J.)Jiang)et)al,)ncomms)4,)2010(2013))�



model

CeCoIn5

 
 URu2Si2

能量尺度小，易调控 
 

EF ~ 1/m* ~ 10 meV

竞争尺度多，物理丰富
‣第⼀个⾮常规超导体（CeCu2Si2） 
‣第⼀个⾃旋三重态超导体（UPt3） 
‣第⼀个3维拓扑绝缘体（SmB6） 
‣巨⼤热电效应（新型热电器件） 
‣⾮费⽶液体（超越传统朗道理论）



d

CaCu3Ir4O12

•  m*/me ~ 100
Cheng & Yang et al., PRL 111, 176403 (2013)

AFe2As2

PRL 2016



• Resistivity 
• Susceptibility 
• Knight shift anomaly 
• Hall anomaly 
•Optical conductivity 
•Magnetic entropy 
• Point contact spectroscopy 
•Neutron/Raman scattering 
•NMR spin-lattice relaxation

URu2Si2 f  ☛ 



Coherent behavior
below T*

Incoherent Kondo Scattering
above T*



Topological)surface)states)in)SmB6�

(N.)Xu)et)al,)ncomms)5,)4566(2014))� (J.)Jiang)et)al,)ncomms)4,)2010(2013))�
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UPt3

Coherent behavior
below T*

Incoherent Kondo Scattering
above T*



Incoherent Kondo Scattering

Ce: Ground state doublet

Coherent Kondo Screening
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RKKY

HKLM =
�

k�

c†k�ck� + J
�

i

Si · si + JRKKY

�

�ij⇥

Si · Sj

Kondo	effect� RKKY	interac/on�

TRKKY	~ Jρ2�TK	~ ρ-1e-1/J ρ�

HKL = JH
X

hiji

Si · Sj + JK
X

i

si · Si +
X

k�

✏k�c
†
k�ck�



 Mean-field theory & Hybridization
✓ Lattice coherence @ T<T*

mean-field approach

HKL = JH
X

hiji

Si · Sj + JK
X

i

si · Si +
X

k�

✏k�c
†
k�ck�



k�

εk� conduc&on	
band�

localized	
f	band�

µ�
hybridiza&on�

Unhybridized	band�

k�

εk�

µ*�

Kondo	insulator�

Heavy	fermion
	superconductors�

Topological	Kondo
	insulator�

SOC�

k�

εk�

µ*�

Heavy	fermion	metals�

 Mean-field theory & Hybridization
✓ Lattice coherence @ T<T*
✓ Hybridization & FS change
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k�

εk�

µ*�

Heavy	fermion	metals�

 Mean-field theory & Hybridization
✓ Lattice coherence @ T<T*
✓ Hybridization & FS change
✓ Optical & Hybridization gap



 Mean-field theory & Hybridization
✓ Lattice coherence @ T<T*
✓ Hybridization & FS change
✓ Optical & Hybridization gap
✓ Kondo insulator

k�

εk� conduc&on	
band�

localized	
f	band�

µ�
hybridiza&on�

Unhybridized	band�

k�

εk�

µ*�

Kondo	insulator�

Heavy	fermion
	superconductors�

Topological	Kondo
	insulator�

SOC�

k�

εk�

µ*�

Heavy	fermion	metals�



k�

εk� conduc&on	
band�

localized	
f	band�

µ�
hybridiza&on�

Unhybridized	band�

k�

εk�

µ*�

Kondo	insulator�

Heavy	fermion
	superconductors�

Topological	Kondo
	insulator�

SOC�

k�

εk�

µ*�

Heavy	fermion	metals�

 Mean-field theory & Hybridization
✓ Lattice coherence @ T<T*
✓ Hybridization & FS change
✓ Optical & Hybridization gap
✓ Ground state: KI & SC & TKI & SL …

Static Hybridization, only below T*



 DMFT & Coherence/Duality
✓ Dynamic fluctuations @ T>T* 
✓ Local/Itinerant crossover @ T<T*
✓ Development of coherence @ T<T*
✓ Short range correlation (Extended) 

 Mean-field theory & Hybridization
✓ Lattice coherence @ T<T*
✓ Hybridization & FS change
✓ Optical & Hybridization gap
✓ Ground state: KI & SC & TKI & SL …

No long range magnetic correlations
Hard to describe quantum criticality

Universality



 

 f

 

,  35, 191 (2015)



Localized f-moments

Localized Itinerant

f

 f  @ high T

✓ Curie-Weiss susceptibility
✓ Incoherence Kondo scattering in resitivity

 f  @ low T

✓ mettalic behavior in resistivity
✓ Screened moment in susceptibility

 f

 f



NMR Knight shift
K / �

CeCoIn5
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NMR

CeCoIn5

K = K0 +A�SL +B�KL

� = �SL + �KL

K
anom

= K �K0 �A� = (A�B)�
KL

�KL / NF (T )

Yang et al., PRL 100, 096404 (2008) 
Curro et al, PRB (2004)



RH / �KL

Yang, PRB 87, 045102 (2013)



Yang et al., PNAS 109, E3060 (2012)

  

 
f 



&  

Yang et al., PNAS 109, E3060 (2012).

•  
• (PCS) 

• (STM) 

•  
•

•  
•  
•  
•  
•



• Resistivity 
• Susceptibility 
• Knight shift anomaly 
• Hall anomaly 
•Optical conductivity 
•Magnetic entropy 
• Point contact spectroscopy 
•Neutron/Raman scattering 
•NMR spin-lattice relaxation

URu2Si2

Localized-itinerant crossover at T*

Yang et al, Nature 454, 611 (2008).



TK ⇠ ⇢�1e�1/JK⇢

� ⇠ ⇡2⇢/3

JRKKY ⇠ cJ2
K⇢





Yang et al, Nature 454, 611 (2008).

T ⇤ = cJ2�

• T* is given by the RKKY exchange interaction 
• The RKKY interaction governs the emergence of heavy electrons

RKKY (inter-site exchange coupling) origin of T*

This demonstrates that the heavy electron emergence is collective 
and originates in the coupling between neighboring f-electrons.

In mean-field theory or DMFT, the onset 
of coherence is given by the Kondo scale!

Hence Kondo lattice physics is different
from the single-ion Kondo physics!

A new scaling different from Kondo scaling !!!



 Quantum criticality @ low T

✓ RKKY & Magnetism
✓ SDW scenario (Hertz/Millis/Moriya)SDW$type)quantum)cri2cality:)CeIn3�

Consistent)with)SDW)
quantum)cri2cal))theory�

(Mathur)et)al,)Nature,)394,%39(1998)))
Long-wavelength Spin density wave (SDW) fluctuations

Power-law scaling in resistivity, specific heat, susceptibility
Peak at finite wave vector in dynamic susceptibility
No ω/T scaling …

The SDW predictions are violated



 Quantum criticality @ low T

✓ RKKY & Magnetism
✓ SDW scenario (Hertz/Millis/Moriya)
✓ Kondo breakdown @2001

The SDW predictions are violated

AFM quantum phase transition
accompanied with 

suppression of Kondo screening
(Fermi surface change)



 Quantum criticality @ low T

✓ RKKY & Magnetism
✓ SDW scenario (Hertz/Millis/Moriya)
✓ Kondo breakdown @2001
✓ Fractionalization @2004

The SDW predictions are violated

Fractionalized excitations near QCP
spinon/spinon SDW …



 Quantum criticality @ low T

✓ RKKY & Magnetism
✓ SDW scenario (Hertz/Millis/Moriya)
✓ Kondo breakdown @2001
✓ Fractionalization @2004
✓ Critical valence fluctuations @2010

Valence transition & abrupt FS change
with hybridization on both sides

The SDW predictions are violated

CeRhGe3



 Quantum criticality @ low T
✓ RKKY & Magnetism
✓ SDW scenario (Hertz/Millis/Moriya)
✓ Kondo breakdown @2001
✓ Fractionalization @2004
✓ Critical valence fluctuations @2010
✓ Critical quasiparticle @2011

Heavy quasiparticles still exist
but become critical: N(E) ~ |E|𝜶

The SDW predictions are violated



 Quantum criticality @ low T
✓ RKKY & Magnetism
✓ SDW scenario (Hertz/Millis/Moriya)
✓ Kondo breakdown @2001
✓ Fractionalization @2004
✓ Critical valence fluctuations @2010
✓ Critical quasiparticle @2011
✓ Magnetic & hybridization fluc. @2017

Interplay of two types of
quantum critical fluctuations

The SDW predictions are violated

CePdAl



 Non-Fermi liquid @ high T

✓ Onset of coherence (What is T*?)
✓ Local/Itinerant crossover (Two fluids?)
✓ New scaling (Different from Kondo?)
✓ Two types of quantum fluctuations?

 Quantum criticality @ low T
✓ RKKY & Magnetism
✓ SDW scenario (Hertz/Millis/Moriya)
✓ Kondo breakdown @2001
✓ Fractionalization @2004
✓ Critical valence fluctuations @2010
✓ Critical quasiparticle @2011
✓ Magnetic & hybridization fluc. @2017 New Quantum Critical Matter

SC, Hidden order, TI …

f



第⼆部分 

• 

• 



 

,  64  217401 (2015)
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UPt3



(F.$Steglich)
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(H.$R.$Ott) (Z.$Fisk)

(H.$R.$Ott,$et$al,$PRL$52,$1915(1984))

UBe13

(Thompson,$PPT,$2007)

(H.$R.$Ott,$et$al,$PRL(1984))



1984,&UPt3

(G.&R.&Stewart)

�� ������
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(S.&Adenvalla&et&al,&PRL&65,&
2298(1990))&

(R.&A.&Fisher&et&al,&PRL&62,&1411(1989))&



Serials� Compounds� 	(�� � 
� nodes�

�)��
��(AFM	
SC)�

CeCu2Si2� 0.6-0.7� 1000� No�

CeCu2Ge2� 0.64(10.1GPa)� 200� ��

CePd2Si2� 0.43	(3GPa)� 65� ��

CeRh2Si2� 0.42	(1.06GPa)� 23� ��

CeAu2Si2� 2.5K(22.5GPa)� -� -�
CeNi2Ge2� 0.3� 350� ��

CenMmIn3n+2m	
(AFM	SC)�

CeIn3� 0.23	(2.46GPa)� 140� Line�
CeIrIn5� 0.4� 750� Line�
CeCoIn5� 2.3� 250� Line�
CeRhIn5� 2.4	(2.3GPa)� 430� ��

CePt2In7� 2.3	(3.1GPa)� 340� ��

Ce2RhIn8� 2.0	(2.3GPa)� 400� ��

Ce2PdIn8� 0.68� 550� Line�
Ce2CoIn8� 0.4� 500� -	�

Ce3PdIn11� 0.42� 290� ��

Ce-based	non-
centresymmet

ric	SC�

CePt3Si� 0.75� 390� Line�

CeIrSi3� 1.65	(2.5GPa)� 120� ��

CeRhSi3� 1.0	(2.6GPa)� 120� ��

CeCoGe3� 0.69	(6.5GPa)� 32� ��

Other	Ce-
based	AFM	SC�

CeNiGe3� 0.43	(6.8GPa)� 45� ��

Ce2Ni3Ge5� 0.26	(4.0GPa)� 90� ��

CePd5Al2� 0.57	(10.8GPa)� 56� ��

Serials� Compounds� 	(�� � 
� nodes�

U-based	AFM	SC�

UPd2Al3� 2.0� 210� Line�
UNi2Al3� 1.06� 120� ��

UBe13� 0.95� 1000� No�
U6Fe� 3.8� 157� ��

UPt3� 0.53,	0.48� 440� Line,	Point�

U-based	FM	SC�

UGe2� 0.8	(~1.2GPa)� 34� Line�
URhGe� 0.3� 164� ��
UCoGe� 0.6� 57� Point�
UIr� 0.15	(~2.6GPa)� 49� ��

U2PtC2� 1.47� 150� ��

Hidden	order	SC� URu2Si2� 1.5� 70� Line�

Pr-based	SC�
PrOs4Sb12� 1.85� 500� ��

PrTi2Al20� 0.2,	1.1(8.7GPa)� 100� ��

PrV2Al20� 0.05� 90� ��

Pu-based	SC	
(Pu-115)�

PuCoGa5� 18.5� 77� Line�
PuCoIn5� 2.5� 200� Line�
PuRhGa5� 8.7� 70� Line�
PuRhIn5� 1.6� 350� Line�

Np-based	SC� NpPd5Al2� 4.9� 200� Point�

Yb-based	SC�
β-YbAlB4� 0.08� 150� -�
YbRh2Si2� 0.002� -� ��

(γ——
mJ·mol-1·K-2)	



(F.$Steglich,$PPT)�

Discovery of HF Superconductors 

Yang  43 80 2014
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CenMmX3n+2m:+basic+properties

(T.+Park+et+al,+nature+440,+65(2006))(White,+Thompson,+Maple,+Physica+C(2015))+



� Valence'transition

(N.'D.'Mathur'et'al,'Nature'394,'39(1998))

(H.'Yuan'et'al,'Science,'302,'2104(2003))

�
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� 2"distinct"ferromagnetic"phases.

� SC"well"below"the"Curie"temperature.
� SC"and"FM"do"not"merely"coexist,"but"
also"implying"the"emergence"of"SC"
depend"on"the"presence"of"FM.

������

UGe2

(A."Huxley"et"al,"JPCM"15,"S1945(2003))

(D."Aoki"et"al,"JPSJ"83,"061011(2014))
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(A.$Huxley$et$al,$Nature$406,$160(2000))

B"phase:$complex;two$component$order$parameter$and$time;reversal$symmetry$
breaking$(nonzero$polar$Kerr$effect$as$T<0.45K(E.$R.$Schemm$et$al,$Science$345,$190(2014)))

(E.$R.$Schemm$et$al,$Science$345,$190(2014))



� PrT2X20:(1st discovered(in(2010

� Pr:(non3Kramer(ground(state,(nonmagnetic,(but(quadrupolar.
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Quadrupole fluctuation mediated superconductivity? Quadrupole 
Kondo effect? Orbital quantum criticality?

������������	�����
�������
������������

(M.$Tsujimoto$et$al,$PRL$113,$267001(2014))

TQ��quadrupole$ordering,$T*��octapole$ordering

TQ��quadrupole$ordering;
T*��octapole$ordering



•  Tc=2mK,	TAF=70mK.	
•  A-phase:	nuclear	an4ferromagne4c	

order	
•  “Nuclear	Kondo	effect”	——	the	

forma4on	of	a	singlet	state	between	
the	nuclear	and	conduc4on	electron	
spins.	

													responsible	for	Cooper	pairing	?	
E.	Schuberth	et	al,	Science	351,	485	(2016)�



from Coleman 2013

�
	���
������	���������

Ferromagnetic,spin,
fluctuation,theory,
on,3He(1970s)

Antiferromagnetic,interaction,could,provide,the,
driving,force,for,anisotropic,singlet,pairing.

1985

MSV

BBE

SLH

1986

tFJ,model,with,AFM,interaction

Hubbard,model,with,a,contact,
interaction(close,to,AFM,QCP)



(D.$Pines)�

Spin-fluctua3on$scenario(spin-fermion)$



Spin%fluctua+on-scenario 

(P.$Monthoux,$D.$Pines,$G.$G.$Lonzarich,$Nature$450,$1177(2007))�





� The$majority$of$HF$compounds:"heavy"quasiparticle"pairing"due"
to"the"exchange"of"spin7fluctuation�	����������
���

� Ge7doped$CeCu2Si2(2nd SC$domain):"valence"fluctuation"of"
Ce(density"fluctuation)"induced"SC"pairing

� U7based$HF$compounds:"pairing"due"to"the"exchange"of"weakly"
damped"propagating"magnetic"excitons

� Pr7skutterudite :"quadrupolar"degrees"of"freedom"is"crucial.

� Yb7doped$CeCoIn5:"may"be"captured"by"the"Composite"pairing"
mechanism"

�����
��	����
��	



 



 Pairing Electrons 
     The f-electrons may be itinerant, or both itinerant and localized

 Pairing Force 
     Quantum critical fluctuations: spin, valence, orbital, …

 Realistic Fermi Surfaces
     Multiple Fermi surfaces: inter- and intra-band scatterings

Given the complexity of the phase diagram and pairing mechanism, one may ask if 
there exists a general framework for heavy fermion superconductivity.

Li, Yang, et al., PRL 120, 217001 (2018)

A phenomenological model for HF SC 

Our Proposal
Realistic band structures + quantum critical pairing interactions



 

Multiband Eliashberg theory

Fermi surface topology � QC pairing interactions �

Multiband Linearized Eliashberg equations 

Renormalization�Z>>1��

Gap equations at Tc �

(C=1 for singlet-pairing, while C=-1/3 for triplet-pairing.) 

Phenomenological pairing interactions

Local quantum criticality:  α ≈ 0.75

Critical quasiparticle scenario:  α ≈ 0.5

Spin-density wave scenario:  α = 1
( )

( )
0
22

sf

,
1

n
n

VV
Q

µν
µν

αν
ξ ν ω

=
+ − +

q
q

Magnetic correlation 
length

Magnetic characteristic 
wave vectors

Characteristic frequency for 
spin fluctuations

Static susceptibility

• Beyond the RPA approach, which could fit the experimental spin fluctuation behaviors.
• The parameters can be extracted from neutron scattering and NMR experiments.

A. J. Millis, H. Monien, and D. Pines, Phys. Rev. B 42, 167 (1990)

Spin fluctuation mechanism

We choose this phenomenological 
interaction to describe the 
quantum critical fluctuations.

V𝜇𝜇𝜇𝜇 ∝ 𝑔𝑔2𝜒𝜒𝜇𝜇𝜇𝜇

A general phenomenological quantum critical interactions

(However, in our calculations, pairing symmetry is nearly unchanged with choosing different α.)



Possible nodeless s±-wave superconductivity 
in CeCu2Si2

Y. Li & YY et al., PRL 120, 217001 (2018)



 First unconventional superconductor

✓ Tc/TF ~ TF/Θ ~ 0.05
✓ High temperature superconductivity
✓ Beyond conventional BCS theory

Experiments

For a long time, it was thought to have a d-wave nodal gap, 
and many experiments seem also to support it!
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Various nodeless behaviors in SC (recently)

( )C H T H∝

Specific heat

(1) Penetration depth:

(2) STM:

Fully gapped !

Multi-bandM. Enayat, … F. Steglich, PRB 93, 045123 (2016)

S. Kittaka, et al, PRL 112, 067002 (2014)

S. Kittaka, et al, PRB 94, 054514 (2016)

G. M. Pang, …, H.-Q. Yuan, et al, arXiv: 1605. 04786 (2016)
Fully gapped 

(3) Angle-resolved specific heat: 

Later on, …

(4)Electron-irradiation:
T. Yamashit, S. Kittaka, …, Y, Matsuda, arXiv:1703.02800v1 (2017)

No nodes being detected.

SC is robust against impurities.

Fully gapped 

No sign changes

Pairing 
symmetry ?

dI/dV shows a two-shoulder gap features. 

Kittaka et al., PRL 2014 & many others (penetration depth, STM, …)

two nodeless gaps

s±, d+d, s++, …
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✓ Band structures
✓ Pairing glues Gap equation
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✓ Band structures
✓ Pairing glues Gap equation

Nested heavy band + QC magnetic fluctuations

d-wave gap symmetry

Zwicknagl & Stockert et al., PRL 2004; 2008 …
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✓ Band structures
✓ Pairing glues Gap equation

Multi-bands + magnetic octupole fluctuations

loop-nodal s-wave gap

Ikeda et al., PRL 2015

 

Nested heavy band + QC magnetic fluctuations

d-wave gap symmetry

Zwicknagl & Stockert et al., PRL 2004; 2008 …

 



How to reconcile the conflict ? 
multi-bands + intra/inter-band pair interactions

 

Y. Li & YY et al., PRL 120, 217001 (2018)



How to reconcile the conflict ? 
multi-bands + intra/inter-band pair interactions

 

 

Eliashberg Equations

✓ Ignore inter-band pairing (momentum mismatch)
✓ Phenomenological MMP susceptibility (Millis et al., PRB 1990)
✓ Intra & inter-band scattering strength as free parameters

A phenomenological form of  
the pairing force

Y. Li & YY et al., PRL 120, 217001 (2018)



The theoretical phase diagram

Y. Li & YY et al., PRL 120, 217001 (2018)

DMFT Fermi surface



Our results: s++-wave 

The obtained s++-wave is consistent 
with the recent experiments.

H. Ikeda et al, PRL 114, 
147003 (2015)

loop nodal   -waves±
I. Eremin et al, PRL 
101, 187001 (2008)

Fermi-surface nesting 
on the single-heavy 
band (single-band RPA)

（multi-orbital RPA）

The gap symmetry depends on relative strength 
of the inter- and intra-band pair interactions 
✓ Inter-band scattering favors nodeless gap
✓ Parameters to be extracted

Similar to pnictides 
superconductivity !!!

The theoretical phase diagram

Y. Li & YY et al., PRL 120, 217001 (2018)

DMFT Fermi surface



Nearly degenerate dx2-y2 and px+ipy pairing  
in YbRh2Si2

Y. Li & YY et al., arXiv:1901.09196 (2019)



YbRh2Si2: ultralow-temperature superconductivityYbRh2Si2: basic properties 

•  ThCr2Si2 structure: I4/mmm space group (D4h). 

•  Crystal constants: a=4.010 Å, c=9.841 Å. 

•  TK=25K, T*=70±20K, TN≈70mK.  

•  Field-induced QCP: B⊥c≈60mT, B∥c≈0.7T. 

•  Above TN: ∆!∝" —— Non-Fermi liquid.  

•  Ultra-low SC: Tc=2mK. 

P. Gegenwart et al, Phys. Rev. Lett. 89, 056402 (2002) J. Custer et al, nature 424, 524 (2003) 

E. Schuberth et al, Science 351, 485 (2016) 

How shall we understand its superconductivity?



Band structures: first-principles calculations 

•  Near the Fermi level, there are strong hybridization between Yb-4f electrons and Rh-4d electrons. 

•  The obtained ‘jungle-gym’ and ‘donut’ Fermi surfaces are qualitatively consistent with previous calculations. 

DFT+U 

G. Zwicknagl, Rep. Prog. Phys. 
79, 124501 (2016). 

‘doughnut’  

‘jungle gym’ 

LDA+ Renormalized band 
(G. Zwicknagl’s group) 

Y. Li, Q. Wang, Y. Xu, W. Xie, Y. -f. Yang (in preparation) 



Debated quantum critical scenarios

𝜒𝜒 𝒒𝒒,𝜔𝜔 =
𝜒𝜒0

𝑟𝑟 + 𝜉𝜉2 𝒒𝒒 − 𝑸𝑸 2 − 𝑖𝑖𝜔𝜔/Ω

SDW Critical quasiparticle Local quantum criticality

𝜒𝜒 𝒒𝒒,𝜔𝜔 =
𝑁𝑁0

𝑟𝑟 + 𝜉𝜉02 𝒒𝒒 − 𝑸𝑸 2 − 𝑖𝑖Λ𝑄𝑄2 𝜔𝜔 𝜔𝜔
𝜐𝜐𝐹𝐹𝑄𝑄

Λ𝑄𝑄 𝜔𝜔 ≈ 𝑍𝑍−1 𝜔𝜔 = 𝐶𝐶𝜔𝜔−1/4.where where 𝛼𝛼 = 0.75.

𝜒𝜒 𝒒𝒒, 𝑖𝑖𝜔𝜔𝑛𝑛 =
𝜒𝜒0

𝑟𝑟 + 𝜉𝜉2 𝒒𝒒 − 𝑸𝑸 2 + 𝜔𝜔𝑛𝑛 /Ω
𝜒𝜒 𝒒𝒒, 𝑖𝑖𝜔𝜔𝑛𝑛 =

𝜒𝜒0
𝑟𝑟 + 𝜉𝜉2 𝒒𝒒 − 𝑸𝑸 2 + 𝜔𝜔𝑛𝑛/Ω 1/2 𝜒𝜒 𝒒𝒒, 𝑖𝑖𝜔𝜔𝑛𝑛 =

𝜒𝜒0
𝑟𝑟 + 𝜉𝜉2 𝒒𝒒 − 𝑸𝑸 2 + 𝜔𝜔𝑛𝑛/Ω 3/4

(P. Wölfle, E. Abrahams) (Q. Si, et al)

• Itinerant AFM order 
parameter fluctuations.

• Supported by the neutron 
scattering experiment.

(Hertz-Millis-Moriya)

• Extending quasiparticles into the 
quantum critical region.

• Can explain various quantities, 
such as: γ(T), ρ(T), M(T), χ(T), ... 

• Local AFM QCP.
• a small-to-large FS jump is 

predicted when across the QCP.
• Supported by the anomalous 

hall evolution,...

Quantum criticality under debate 



YbRh2Si2: Neutron scattering�

With lowering T to 0.1K, FM fluctuations 
evolved into a incommensurate AFM 
correlations located at q0=(0.14±0.04, 
0.14±0.04,0). 

C. Stock et al, Phys. Rev. Lett. 109, 127201 (2012)�

ω/T-scaling is observed for Tχ’’ from FM 
to AFM fluctuations within 0.1~30K. 

But the characteristic wave vectors below TAFM(70mK) is still unknown.�

�
00
(Q,!) = �0

Q
!�(T )

�(T )2 + !2

Neutron scattering experiment on Q-vector 



Phenomenological pairing interactions

Local quantum criticality:  α ≈ 0.75

Critical quasiparticle scenario:  α ≈ 0.5

Spin-density wave scenario:  α = 1
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• Beyond the RPA approach, which could fit the experimental spin fluctuation behaviors.
• The parameters can be extracted from neutron scattering and NMR experiments.

A. J. Millis, H. Monien, and D. Pines, Phys. Rev. B 42, 167 (1990)

Spin fluctuation mechanism

We choose this phenomenological 
interaction to describe the 
quantum critical fluctuations.

V𝜇𝜇𝜇𝜇 ∝ 𝑔𝑔2𝜒𝜒𝜇𝜇𝜇𝜇

A general phenomenological quantum critical interactions

(However, in our calculations, pairing symmetry is nearly unchanged with choosing different α.)

We take Q and 𝛂 both as tuning parameters !



Q = (h, h, l) 

•  Experimental QEXP=(0.14±0.04, 0.14±0.04,0) 

Nearly degenerate dx2-y2 and px+ipy wave pairing 

A theoretical phase diagram 

•  Experimental QEXP=(0.14±0.04, 0.14±0.04,0) 

Nearly degenerate dx2-y2 and px+ipy wave pairing 



Updated H-T phase diagram

Multiple superconducting phase?

J. Saunders, Talks on Advanced School and Workshop on Correlations in Electron Systems: from Quantum Criticality to Topology (2018).
J. Saunders, Talks on 12th International Conference on Materials and Mechanisms of Superconductivity and High Temperature Superconductors (2018).

Recent experiments (J. Saunders’s group)

E. Schuberth et al, Science 351, 
485 (2016)

Tc=6mK

T 
[m

K
]

The field-induced phase is an intrinsic
electronic property of YbRh2Si2,

not induced by nuclear order



Hints from the updated H-T phase diagram

SC phase Tc −𝑑𝑑𝐻𝐻𝑐𝑐𝑐
𝑑𝑑𝑑𝑑

|𝑑𝑑𝑐𝑐 Hc2 Hc2,P(0) Hc2,orb(0) Conclusion

SC-I 6 mK ≈6.4 T/K ≈ 4mT 11.0mT 26.9mT Hc2<Hc2,P(0)<Hc2,orb(0): singlet pairing

SC-II 2 mK ≈25 T/K 30-50mT 3.7mT 35mT Hc2,P(0) <<Hc2≈Hc2,orb(0): triplet pairing

SC-I

SC-II

H

T

Schematic H-T phase diagram 
(low-T) for YbRh2Si2 Pauli-limiting field: Hc2,P(0)≈ 1.84Tc

(Werthamer-Helfand-Hohenberg relation)
Orbital-limiting field:

(Clogston-Chandrasekhar relation)

Hc2,orb(0)≈ 𝟎𝟎.𝟕𝟕 𝒅𝒅𝑯𝑯𝒄𝒄𝒄𝒄
𝒅𝒅𝒅𝒅 𝒅𝒅𝒄𝒄

𝒅𝒅𝒄𝒄

A. M. Clogston, Phys. Rev. Lett. 9, 266 (1962). 
B. S. Chandrasekhar, Appl. Phys. Lett. 1, 2 (1962).

N. R. Werthamer, E. Helfand, and P. C. Hohenberg, 
Phys. Rev. 147, 295 (1966).

SC-I
spin-singlet 
dx2-y2-wave

SC-II
spin-triplet 

(px+ipy)-wave

small magnetic field



 A general framework for quantum critical SC
      Realistic band structures from first-principles calculations
      + phenomenological quantum critical pairing interactions

 Possible nodeless s± superconductivity in CeCu2Si2
      Possibly induced by inter-band orbital fluctuations
      Multiband may be important for HF SC

 Nearly-degenerate dx2-y2 or px+ipy-wave in YbRh2Si2
      Sensitively depending on the Q-vector of the pairing force
      Easily tuned by weak external magnetic field

Summary

Unusual richness of 
heavy fermion 

superconductivity !!!

d-wave s±-waves-wave topological ?
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2019年凝聚态理论前沿暑期讲习班 @青岛大学

Summary

 The Kondo problem 
     Incoherence Kondo scattering (-lnT) above TK
     vs. Kondo singlet formation (resonance) below TK

 The heavy fermion problem 
     Localized-itinerant transition (Coherence)
     Hybridization picture (mean-field approach)
     Two-fluid theory (scaling and T*)
     Quantum criticality (magnetic+fermionic excitations)

 The heavy fermion superconductivity
     Pairing glues + multiband scattering + dual nature of f-electrons



Future directions of heavy fermion research

http://hf.iphy.ac.cn

 Explore the basic nature of heavy fermion physics
       We are approaching the final answer of the questions:
     local/itinerant duality & interplay of various QC fluctuations

 Find new frontiers: “Heavy fermion +” 
     Topological, Weyl, frustration, new exotic phases … 
     Thin film, superstructure, cold atoms, d-electron systems …

 Implement state-of-the-art techniques
     DMFT/CTQMC, tensor network, dual approach …
     ARPES, STM, MBE, pump probe, ultrasound …

Topological)surface)states)in)SmB6�

(N.)Xu)et)al,)ncomms)5,)4566(2014))� (J.)Jiang)et)al,)ncomms)4,)2010(2013))�

2019年凝聚态理论前沿暑期讲习班 @青岛大学


