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Density Functional Theory



Condensed Matter Physics

Condensed matter physics is the science that studies microscopically the structures, laws of
motion and macroscopic properties of condensed matter composed of interacting many particles.
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Density Functional Theory

Quantum mechanism
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A quantum many body problem
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Born-Oppenheimer approximation
H(r.R,)=H; (1)
Time-independent Schrédinger equation
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Density functional theory

Use the electron density p(r) as the basic variable,
instead of the n-electron wave-function Wy(x1,:**,Xn).

Hohenberg and Kohn (1964)

The Ground-State properties of any system of n-

interacting particles are rigourously deduced from the
electron density distribution p(r).

Theorem HK1: There is a unique correspondence  v(r) «— p(r)

Edl = [ Aov()r + Flyl

Theorem HK2: p(r) minimizes E[p]

Bl =min {Fuc + [ o))}

Properties of the
? system
Hard problém to solve Easy problem

Schrédinger equatlon To Solve DFT
e o
Formally P
2 [ J
equivalent
- O Electron

- Non-interacting electron
N “— Interaction

(KS particle)
—— External potential

— Effective potential
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Kohn-Sham Equation

A quantum many body problem:
H=T+V,_+V,

T[p] unknown Vie[p] known Vee[p] unknown

We are still left with the many-body problem ...
We need a trick to solve this equation

Using an auxiliary system of n non-interacting particles for which the kinetic energy is know:
p.(1)=2|6,0) E[p]=T,[p1+V,.[p]+V,[p]l+ V. [p]
Kohn-Sham equation:

Z{—ﬁV? * %(r)}@(r) =260,

i=1
The exchange-correlation functional

E. lpl= e lplp(r)dr

elLocal Density Approximation (LDA)
eGeneralized Gradient Approximation (GGA) exclp) = f (p, Vp,Ap,...)
eMeta Generalized Gradient Approximation (meta-GGA)
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Success of Density Functional Theory
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“Generalized Bloch Theorem”
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Phys. Rev. B 94, 024414 (2016) o
Phys. Rev. Materials 1, 024406 (2017)

J. Phys.: Condens. Matter 29, 244001 (2017) MnP
Sci. Rep. 7, 14178 (2017)
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Breakdown of Density Functional Theory

¢ The role of electronic correlations: localization versus itinerancy

“aist” [ Band insulator : Mott insulator ZARKERTI L
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One electron in an orbital due to

on-site Coulomb repulsion (U > {)
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NiO and CoO are experimentally
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Breakdown of Density Functional Theory
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The Kondo problem



Single Impurity Kondo Problem

Kondo effect in quantum dot Anderson impurity model

Coulomb blockade ed+U
_— H= Zekck CL5+ZEdde +DndTndl+Zlckd + h.c
ks ks

T mpy=TafY

single quantum dot

Kondo effect

HOW TO SOLVE ANDERSON IMPURITY
MODEL NUMERICALLY?

electron electron (b)

N

* +\

impurity impurity

¢*» Renormalization group approach

¢* Continues-time quantum Monte Carlo

¢* One-crossing approximation

’ ‘
At low temperature, spin-flip scattering
between conduction band and impurity We usually call these numerical methods as
site become important. “impurity solver”, which is the most important in

DMFT calculations.
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Single Impurity Kondo Problem

InT Kondo/2D WL
i . T Non-Fermi liquid
® Historic development of Kondo T2 Fermi liquid
v (19th Century) Electron behavior @ T=0 T Phonon scattering
AT Insulator/Semiconductor
eT ! VRH (Semiconductor)

RESISTANCE

Kelvin Dewar

0 TEMPERATURE
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Single Impurity Kondo Problem

® Historic development of Kondo

v (19th Century) Electron behavior @ T->0
v Liquification & Resistance measurement

v 1911-1957 Superconductivity EXP=>THEO
v 1934 Resistivity minima
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de Haas, de Boer and van den Berg, 1934
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Single Impurity Kondo Problem

® Historic development of Kondo - I v
/

v (19th Century) Electron behavior @ T->0
v Liquification & Resistance measurement
v 1911-1957 Superconductivity EXP=>THEO

|
™
1
\s
\&x

v 1934 Resistivity minima e il
e

w
\

1041 Mo, 4Nb, ,

~N

Magnetic moment per Fe atom
in Bohr magnetons, x/z,

FO—
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0.94
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Figure 2.6 Resistance minima for Fe in a series of Mo-Nb alloys (from .
Sarachik et al, 1964). Compare the depths of the minima with the corre- Figure 1.8. The magnetic moment in up of Fe in various Mo-Nb and
sponding moments in figure 1.8. Mo-Re alloys as a function of alloy composition (Clogston et al, 1962).

Smoking gun: Resistance minima g~ Magnetic impurity
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Single Impurity Kondo Problem

Progress of Theoretical Physics, Vol. 32, No. 1, July 1964
Resistance Minimum in Dilute Magnetic Alloys
Jun Konpo

Electro-technical Laboratory
Nagatacho, Chiyodaku, Tokyo

(Received March 19, 1964)

® Historic development of Kondo

v (19th Century) Electron behavior @ T->0
v Liquification & Resistance measurement

v 1911-1957 Superconductivity EXP=>THEO
v 1934 Resistivity minima

v 1964 Kondo effect (logarithmic resistivity)
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Single Impurity Kondo Problem

The renormalization group: Critical phenomena and the
Kondo problem*t

Kenneth G. Wilson
Laboratory of Nuclear Studies, Cornell University, Ithaca, New York 14850

() Historic development of Kondo This review covers several topics involving renormalization group ideas. The

solution of the s-wave Kondo Hamiltonian, describing a single magnetic
impurity in a nonmagnetic metal, is explained in detail. See Secs. VII-IX.

v (1 9th Ce ntu ry) Electron behavior @ -0 “Block spin” methods, applied to the two dimensional Ising model, are

explained in Sec. VI. The first three sections give a relatively short review of

‘/ L|qu |f|Cat|On & Re S|Stance measu rement basic renormalization group ideas, mainly in the context of critical phenomena.

The relationship of the modern renormalization group to the older problems of
_ H- divergences in statistical mechanics and field theory and field theoretic
‘/ 1 91 1 1 957 SupercondUCtIVIty EXP»TH EO renormalization is discussed in Sec. IV. In Sec. V the special case of “marginal

variables” is discussed in detail, along with the relationship of the modern

‘/ 1 934 ReS|St|V|ty m|n|ma renormalization group to its original formulation by Gell-Mann and Low and
i . L. others.
v 1964 Kondo effect (logarithmic resistivity)

. H

Kondo resonan\K‘ Tk
~ N . ) ‘*-\'

Cohérent
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Numerical renormalization group (NRG)

& Reduce the Hilbert space by throwing away high energy states

_ hop
H- me' ele e ee . | Iyt
= ) hop _ t
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o
K. G. Wilson
Iterative diagonalization & Truncation (keep fixed number of low energy states) Nobel prize 1982
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Monte Carlo Simulation

z=Y Py (m)= Z%e‘ﬁ*"“f”m({s,.n = > w{SHm{S,})
H=-J),55-h}.s, {5} i )
- l Metropolis algorithm
W D hiliEiEz, BEEEmE:  {S|= (5.5, ...~k .. .58
5 -B(H{S;H)-H{S; -BAE
2-D lsng Model_— B it EAI SNSRI 06=—::(({{S"}}))=e PG = o7
SHE—NOLAZ, H{S}H) K D EIRENEY, Fa=zy, BHIFAR, TNIELE!
¢ Quantum Monte Carlo (QMC) Z MBS &
H=U} chenclon—t Y cco MHBENAQMC: SINGENEHEE, BERXFSRE, B2
i <jj>o
" BB RIERE, EHENINMUR =BT,
- Hubbard-StratonovichZZ
exp [—ATU(nTm - %(nT -+ n¢))] = %Tr,,[exp[ka(nT —ny)]
/ After integrate out the “free” fermions,
v Z=3 D7) sample o} with the Metropols algortm
E—IRE, H{SHAZEL, s . b A .
=k A vE A ] M ELERTEIQMC: TEEL 0 RE IS eI 18 B 1E B UM E

7, RBHREFOFMLREFVNER, WHIARTDAITE
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From the single impurity problem
to the lattice problem



Dynamical Mean Field Theory

Lattice model Coordination number Z

Considering the Hubbard model -t Z=8 (body-centered cubic) e %o —9

— T
H=- Z 1;:CioCio +U2nnnl¢
i

<ij>,0

—O0—O0—O0—
\%{&o—o—

4

Z=12 (face-centered cubic)

e— ]

The action is: U

5= Joﬁ dr[g, Cor (T)(% ~ e, (0= Y 1 e (e, (T)+ 2 HO ()]

Z=6 (simple cubic)
When we integrating out of the other site:

Geﬁ = —foﬂdf foﬁ dr’y ¢l (0)g, (7 -7)c,,(T)+U foﬁdTHOT(T)"o¢(TD Metzner + Vollhardt (1989)
Z — oo
d— o
§ G(r—-1)=—<Tc, (7)c,, (7)) >,
DMFT o Z(k,w) = E(W)

“Single-site” mean-field theory with full

N ) 1
L(w ) =G, (iw)-G (iw,) many-body dynamics
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Dynamical Mean Field Theory

Mapping the lattice Hubbard model to an impurity Anderson model

Y(k,w) =2(w)

d — oo

>
Metzner,Vollhardt (1989)

Hubbard model Impurity Anderson model

2 ij 10' Cio +U2n 1y H= zté‘kockcc,“7 +28dd7d +Un,n,, +2 J(chd +he.)
<j>,0 ko
Non-interacting
conduction (s-) electrons
An equivalent formulation obtained by integrating the fermions
single d-orpital ("impurity”)

+
—_ j d(T)G; L (T =1)d, (") + j dtUn (T, (7) 5,d-hybridization
4 . 0 N 1)
\%
Hybridization function: Aa(ia)n)sz_ Vil
k lwn_gkO'
Bath function: G, (iw)=iw, +&,—A_(iw,)
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Dynamical Mean Field Theory

Dynamical mean field theory
self-consistent equation

Dynamical mean-field theory

Sy =-[ ar] UYL (00 T~V (D) +U [ don (@, (0

G(r—-1)=-<Tc,, (T)cwT (') > S,y Go — | Impurity Solver | — G
< 7 T l
Z(ZWH) = GO_ (an) -G (an) g0_1 _ G-l > Y — g0_1 _a!
\ G(k.iw,) : N e ‘
Jiw ) =
iw +u—g, —2Z(iw,) a— /de D(e)
wp+p—€e—X%

[EERMAndersont&E sy

. ) . . Effective impurity model defined by hybridization
Hzg;tl'f'cwcfa+gd§r”f<’+UZ"iT"i¢+g%cwdfd+h'c) function is solved with an “impurity ” solver, e.g. QMC,
NRG,ED...
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Density Functional Theory
L

Dynamical Mean-Field Theory



Framework: DFT+DMFT

Density Functional Theory

+ in SYAEED gy
N (11'1 N

H= 3V 4 3 Vi 1)+ Vi)
=1 -1 i=1

® A framework for materials calculations

v Kohn-Hohenberg theorem
v Kohn-Sham equation

WIEN2k package; WIEN2Wannier
v Electronic/magnetic/structural/orbital
v Ground state tuning; Materials design

Dynamical Mean-Field THeory

® Strongly correlated electron systems

v Kondo and Mott physics beyond DFT

v Non-perturbative; time-consuming
NRG/QMC/CTQMC/NCA/OCA/IPT

v Quantum phase transitions

v Quantum criticality & Non-Fermi liquid

((=))

L DA+DMF T
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Framework: DFT+DMFT

(1) Calculate LDA band structure

glml m' (k) _) LDA

(2) Supplement LDA band by local Coulomb interaction (only for correlated bands)

~ . "T ol >
H = Z €im t'm! (K) Cximo Cxi'm’o - E , z ,Agdni(mo'
kiml'm!'o s
i=iy, mo
N > 4 (=(
LDA A y

O'O'

nlm N
+ E E n’Ll"La‘nzlm o

i=ig, mo.m’o!
= =lg

'

double counting correction

_ § E ¢ ¢
mm LlnLa' zlm(r 11771(7 ilmo’

i=1igq, mo,m 'l

1=l
local Coulon‘{b interaction Hund’s rule coupling
(3) Solve model by DMFT with impurity solver
S / Dl e’ 671 + T — Uvtpw*y + T gy*y

=g f oo ), |
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Application to the Kondo lattice



Heavy Fermion Materials
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Spin liquid Heavy

electron

Mostly f-electron intermetallics of Ce, U, or Yb

> 50 CeAls ~ 1620
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Kondo lattice CeColnGas

Phys. Rev. B 98, 115119 (2018).
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Typical heavy fermion system !

> 50 CeAls ~ 1620
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Kondo lattice CeColnGas

50 Phys. Rev. B 98, 115119 (2018).
i CeColnGa,
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L .'- ~ . R [T" ~50 K Spin liquid ell-éiil\!gn
— ] — 40F
c 30} B
§ g p~-InT
. < T,~6K
< 20F; 21 .y H=1T
= / s Lo Hlajlla
F 101 i A --.-.-1I0 i i ...-.1.!” A 12 600
10 T(K) 15
| LaColnGa, g 10 i LaColnGa,
0 / . A R 1 R A R 1 . §05 Hila 450
0 50 100 150 200 250 30 205§
O Al ’5‘
T (K) g N0 e =
> 0 50 100 150 200 250 300 <@
5 300 ©
; £
2 ° X
R b
Transition from high-T local spin 150
to low-T metallic electrons — 3
- . - 4 1 i 1 4 1 N 1 i 1 " 0
Kondo-like physics! 0 50 100 150 200 250 300
T (K)

Beijing National Laboratory for Condensed Matter Physics Institute of Physics, Chinese Academy of Sciences



Kondo lattice CeColnGa3

DFT+DMFT calculations
DFT results
@ ©
2 T ———— L N Alk)
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The failure of DFT: There is no flat band and large Anisotropic hybridization
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20
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E 20
eTypical heavy fermion evolution with temperature g 0% &
% 33
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i 0.002 |- 1%
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Summary

FENMEBEEHRLREERIEMKENDT: SaES. EEEEFS

Coulomb X Hybridization




Correlation in Condensed Matter Physics

Mott insulator Correlations & long-range order
M - | — U=0
0.5 ‘ a \ A
(::“ UW =05 kgT~J -
E 0.5 o o
E i < | UW = 1.2 qé.)_ .‘%
X \ \ é 0.6 g : Gapless A1/ g
\ v . o Magnetid 15pin iquid 3
J \ \ -~ UW =2 long-range Y Gapped
\ \ » u.r,.‘ order spin liquid
\ ’ ‘ 0 = F - Quantum Frustration
i . Electron doping ] ENE;:“Y ey critical point
Mot Insulator
Quasiparticles Exotic quantum state
Ground state: Fermi gas Excited states (T>0) Landau Fermi liquid
kZ

60
T2 (K?)

UBe,,,CeCu,Si,
Stewart et al. (1983,1984)
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