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Density Functional Theory
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Condensed Matter Physics

Condensed matter physics is the science that studies microscopically the structures, laws of 

motion and macroscopic properties of condensed matter composed of interacting many particles.

How to deal with the complex systems 
for theoretical exploring?

✓存在大量不同的物质宏观状态 

✓微观上是复杂的相互作用多电子体系

自然界中的各种宏观物态

形形色色的实验探测手段
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Quantum mechanism

利用薛定谔方程求解量子力学问题

A	quantum	many	body	problem
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Born-Oppenheimer	approxima7on
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Time-independent	SchrÖdinger	equa7on

 Ĥ
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Electronic	energy:	func7onal	of	Ψn	
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Density functional theory

Use	 the	 electron	 density	 ρ(r)	 as	 the	 basic	 variable,	
instead	of	the	n-electron	wave-func:on	Ψn(x1,···,xn).

Hohenberg and Kohn (1964)

The	 Ground-State	 proper:es	 of	 any	 system	 of	 n-
interac:ng	 par:cles	 are	 rigourously	 deduced	 from	 the	
electron	density	distribu:on	ρ(r).

	Theorem	HK1:	There	is	a	unique	correspondence

	Theorem	HK2:	ρ(r) minimizes E[ρ]

Density Functional Theory
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Kohn-Sham Equation

A	quantum	many	body	problem:

Ĥ = T̂ + V̂Ne + V̂ee

We	are	s:ll	leL	with	the	many-body	problem	...	
We	need	a	trick	to	solve	this	equa:on

Using	an	auxiliary	system	of	n	non-interac7ng	par7cles		for	which	the	kine7c	energy	is	know:

ρs (r) = φi (r)
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The	exchange-correla7on	func7onal

Exc[ρ]= ε xc[ρ]ρ(r)dr∫

•Local	Density	Approxima:on	(LDA)			

•Generalized	Gradient	Approxima:on	(GGA)	

•Meta	Generalized	Gradient	Approxima:on	(meta-GGA)
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Success of Density Functional Theory

MnPJ.	Phys.:	Condens.	MaWer	29,	244001	(2017)		
Sci.	Rep.	7,	14178	(2017)

Canted  AFM�

传统的磁性与自旋态的研究

Phys.	Rev.	B	94,	024414	(2016)	
Phys.	Rev.	Materials	1,	024406	(2017)

复杂磁性(非共线磁性)与奇异

物态（超导）的研究CaCu3Fe2Os2O12

“Generalized	Bloch	Theorem”
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 The role of electronic correlations: localization versus itinerancy

H = Hkinetic + HU

   X   Kinetic

局域 versus 巡游

   

Breakdown of Density Functional Theory
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Breakdown of Density Functional Theory

Narrow 3d, 4f orbitals 

Strong electronic correlation



The Kondo problem
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Single Impurity Kondo Problem

Kondo	effect	in	quantum	dot

Coulomb blockade �d+U 

�d 

Vg 

VSD single	quantum	dot

Kondo	effect

Anderson	impurity	model

At	 low	 temperature,	 spin-flip	 scaWering	
between	conduc:on	band	and	 	impurity	
site	become	important.

How to solve Anderson impurity 
model numerically?

✤ Renormalization group approach 

✤ Continues-time quantum Monte Carlo 
✤ One-crossing approximation 

We	 usually	 call	 these	 numerical	 methods	 as	
“impurity	solver”,	which	is	the	most	important	in	
DMFT	calcula:ons.
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Kondo/2D WL 
Non-Fermi liquid 
Fermi liquid 
Phonon scattering 
Insulator/Semiconductor 
VRH (Semiconductor) 
...

lnT 
T 
T2 

T5 
e-Δ/T 

eT 
...

-1/n

 Historic development of Kondo

✓ (19th Century) Electron behavior @ T➔0

Single Impurity Kondo Problem
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Single Impurity Kondo Problem

 Historic development of Kondo

✓ (19th Century) Electron behavior @ T➔0
✓ Liquification & Resistance measurement
✓ 1911-1957 Superconductivity EXP➔THEO
✓ 1934 Resistivity minima

de Haas, de Boer and van den Berg, 1934

Au
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Single Impurity Kondo Problem

 Historic development of Kondo

✓ (19th Century) Electron behavior @ T➔0
✓ Liquification & Resistance measurement
✓ 1911-1957 Superconductivity EXP➔THEO
✓ 1934 Resistivity minima

Smoking gun: Resistance minima ☛ Magnetic impurity
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Single Impurity Kondo Problem

 Historic development of Kondo

✓ (19th Century) Electron behavior @ T➔0
✓ Liquification & Resistance measurement
✓ 1911-1957 Superconductivity EXP➔THEO
✓ 1934 Resistivity minima
✓ 1964 Kondo effect (logarithmic resistivity)
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(Ŝ +σ̂ µ ′µ
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The	impurity	resis-vity:�

The	first	term	is	the	phonon	contribu-on,	the	second	
term	 is	 the	 temperature	 independent	 contribu-on	
from	 the	 impurity	 sca9ering	 and	 the	 final	 term	 the	
third	order	contribu-on	from	the	spin	sca9ering	with	
the	local	moment.�
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Single Impurity Kondo Problem

 Historic development of Kondo

✓ (19th Century) Electron behavior @ T➔0
✓ Liquification & Resistance measurement
✓ 1911-1957 Superconductivity EXP➔THEO
✓ 1934 Resistivity minima
✓ 1964 Kondo effect (logarithmic resistivity)

EF ed	 ed+U	

Kondo resonance 

A sharp resonance of width TK develops at EF for T<TK 

Unitary scattering for T=0 and <n>=1 
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Kondo resonance 

A sharp resonance of width TK develops at EF for T<TK 

Unitary scattering for T=0 and <n>=1 
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Numerical renormalization group (NRG)

0 Kondo

 Reduce the Hilbert space by throwing away high energy states

Itera&ve	diagonaliza&on	&	Trunca&on	(keep	fixed	number	of	low	energy	states)
K. G. Wilson

Nobel prize 1982

require	separa*on	of	energy	scales	(tN+1/tN	 	𝛬	<	1)
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Monte Carlo Simulation

 Classical Monte Carlo

 Quantum Monte Carlo (QMC)

QMC

H = −J SiSj − h Si
i
∑

<i, j>
∑

Z = e−βH ({Si })
{Si }
∑ , m = 1

Z
e−βH ({Si })

{Si }
∑ m({Si}) = w({Si})

{Si }
∑ m({Si}),

Metropolis algorithm

Si{ } =  (S1
k ,S2

k ,  . . . ,−Sz
k ,  . . . ,SN

k )z

α = w({Si})
w({Si}k )

= e−β (H ({Si })−H ({Si }k )) = e−β∆ E

𝛾 𝛼 ≥ 𝛾H({Si})

H({Si})
QMC t U

(t) (U)

Hubbard-Stratonovich

After integrate out the “free” fermions, 
sample {𝜎} with the Metropolis algorithm



From the single impurity problem 
to the lattice problem
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Dynamical Mean Field Theory

LaUce	model

†
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Considering	the	Hubbard	model

The	ac7on	is:
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When	we	integra7ng	out	of	the	other	site:
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Coordina7on	number	Z

“Single-site”	mean-field	theory	with	full	
many-body	dynamicsΣ(iwn ) =G0

−1(iwn ) −G
−1(iwn )
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Mapping	the	laUce	Hubbard	model	to	an	impurity	Anderson	model

d→∞

Impurity	Anderson	model

H = ε kσc
†
kσckσ + εddσ

†dσ +Und↑nd↓ + Vkσ (ckσ
† dσ + h.c.)
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Hubbard	model
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An	equivalent	formula:on	obtained	by	integra:ng	the	fermions

Simp = − dσ
† (τ )G0σ

−1 (τ −τ ')dσ (τ ')0

β

∫ + dτUnd↑(τ )0

β

∫ nd↓(τ )

Hybridiza:on	func:on:

Bath	func:on:

Dynamical Mean Field Theory

Δσ (iω n ) ≡
Vkσ

2

iω n − ε kσk
∑

G0σ
−1 (iω n ) ≡ iω n + εd − Δσ (iω n )
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Dynamical Mean Field Theory

Dynamical	mean	field	theory	
self-consistent	equa7on
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Effec:ve	 impurity	 model	 defined	 by	 hybridiza:on	
func:on	is	solved	with	an	“impurity	”	solver,	e.g.	QMC,	
NRG,ED…

† †
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周期性Anderson模型



Density Functional Theory 
+ 

Dynamical Mean-Field Theory
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Framework: DFT+DMFT

 A framework for materials calculations

✓ Kohn-Hohenberg theorem
✓ Kohn-Sham equation
   WIEN2k package; WIEN2Wannier
✓ Electronic/magnetic/structural/orbital
✓ Ground state tuning; Materials design

Density Functional Theory

 Strongly correlated electron systems

✓ Kondo and Mott physics beyond DFT
✓ Non-perturbative; time-consuming
   NRG/QMC/CTQMC/NCA/OCA/IPT
✓ Quantum phase transitions
✓ Quantum criticality & Non-Fermi liquid

Dynamical Mean-Field THeory
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(1)	Calculate	LDA	band	structure

(2)	Supplement	LDA	band	by	local	Coulomb	interac:on	(only	for	correlated	bands)

(3)	Solve	model	by	DMFT	with	impurity	solver	

Framework: DFT+DMFT



Application to the Kondo lattice
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Heavy Fermion Materials

CeAl3  ~ 1620

1 100 1000

> 50

𝛾 (mJ/mol K2)

/

Mostly f-electron intermetallics of Ce, U, or Yb

 Transition metal oxides
✓ Hubbard model
✓ Mott physics
✓ Energy scale: 10-100 meV

 Heavy fermion intermetallics
✓ Anderson model
✓ Kondo lattice physics
✓ Energy scale: 1-10 meV
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Kondo lattice CeCoInGa3

DFT+DMFT dos and spectral function

Phys.	Rev.	B	98,	115119	(2018).

CeAl3  ~ 1620

1 100 1000

> 50

𝛾 (mJ/mol K2)

/

Typical heavy fermion system !
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Kondo lattice CeCoInGa3

DFT+DMFT dos and spectral function

Phys.	Rev.	B	98,	115119	(2018).

Transition from high-T local spin 
to low-T metallic electrons —— 

Kondo-like physics!
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Kondo lattice CeCoInGa3

DFT+DMFT dos and spectral function
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DFT+DMFT	calcula7ons
DFT	results

The	 failure	 of	 DFT:	 There	 is	 no	 flat	 band	 and	 large	
density	of	states	at	the	Fermi	level	!			

The	success	of	DFT+DMFT:	
•Typical	 heavy	 fermion	 evolu:on	 with	 temperature	
can	be	well	captured.	
•The	 anisotropic	 hybridiza:on	 gap	 agree	 well	 with	
experiments.

Anisotropic	hybridiza7on



localization vs itinerancy Dynamical mean-field theory

Summary
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Correlation in Condensed Matter Physics

Mott insulator

Quasiparticles

Correlations & long-range order

Ground	state:	Fermi	gas Excited	states	(T>0)

finite	life	7meinfinite	life	7me

Landau	Fermi	liquid

Exotic quantum state


