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What is Condensed Matter Physics?
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 High energy/particle physics

“ ”

 Condensed matter physics

Also known as “solid state physics” in 50s



It all begins with Quantum Mechanics/Statistics

 Quantum Mechanics H𝜓=E𝜓

 Quantum Statistics
 𝜓(r1,…,rN) 

Slater

Pauli

Z=Tr exp(-H/kBT)=∑ exp(-Ei/kBT)

⟨O⟩=Z-1Tr[Oexp(-H/kBT)]

𝜓(…,xi,…,xj,…) = — 𝜓(...,xj,…,xi,…)



Real materials: the density functional theory (DFT)

 The Hohenberg-Kohn theorem (1964)

 The Kohn-Sham equation
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The	Ground-State	 proper0es	 of	 any	 system	of	 n-interac0ng	 par0cles	
are	rigourously	deduced	from	the	electron	density	distribu0on	ρ(r).
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CaCu3Ir4O12�

Physical	Review	Le/.	111,	176403	(2013)		
arXiv:	1705.00846	(2017)�

Walter	 Kohn	 was	 awarded	 with	 the	
Nobel	Prize	in	Chemistry	in	1998�

Very successful in explaning metal and semiconductor !!!



Breakdown of the density functional theory (DFT)

 The role of electronic correlations: localization versus itinerancy

H = Hkinetic + HU

   X   Kinetic

局域 versus 巡游

   



 Renormalization group approach 
     ED/NRG/DMRG/TNRG/… 

 Monte Carlo sampling 
     MC/QMC/DQMC/CTQMC/…

 Trial wave-function/variational method
     Gutzwiller/BCS/Laughlin/…

There are several roads to Rome



 Renormalization group approach 
     ED/NRG/DMRG/TNRG/… 



Lanczos
“ ”

Let’s start with the exact diagonalization (ED)
 The ultimate problem is the eigenproblem

H ϕ = E ϕ

ϕ = ϕ(n1,n2,...,nN ) n1,n2,...,nN
ni{ }
∑

𝜑 Hilbert

0 1 , 1 1{ }⊗ 0 2 , 1 2{ }

	Size	of	Hilbert	space	rise	as	M	=	sN			

	Computa0onal	0me	scales	as	M3	

	Typically	only	for	N	≾	10



0 Kondo
NRG flow

NRG Kondo s ≤6 lattice

Numerical renormalization group (NRG)
 Reduce the Hilbert space by throwing away high energy states

Itera&ve	diagonaliza&on	&	Trunca&on	(keep	fixed	number	of	low	energy	states) K. G. Wilson
Nobel prize 1982

require	separa.on	of	energy	scales	(tN+1/tN	 	𝛬	<	1)



DMRG
2 3 !

Density matrix renormalization group (DMRG)
 Reduce the Hilbert space by keeping only states with higher weights

Itera&ve	diagonaliza&on	&	Trunca&on	(keep	states	of	higher	weights)

DMRG
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TNRG 10
MPS TNRG

Tensor network renormalization group (TNRG)
 DMRG state is a matrix-product-state (MPS)

An2
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TNRG



 Monte Carlo simulation 
MC/QMC/DQMC/CTQMC/…



Classical versus quantum Monte Carlo

 Classical Monte Carlo

 Quantum Monte Carlo (QMC)

QMC

H = −J SiSj − h Si
i
∑

<i, j>
∑

Z = e−βH ({Si })
{Si }
∑ , m = 1

Z
e−βH ({Si })

{Si }
∑ m({Si}) = w({Si})

{Si }
∑ m({Si}),

Metropolis algorithm
Si{ } =  (S1

k ,S2
k ,  . . . ,−Sz

k ,  . . . ,SN
k )z

α = w({Si})
w({Si}k )

= e−β (H ({Si })−H ({Si }k )) = e−β∆ E

𝛾 𝛼 ≥ 𝛾H({Si})

H({Si})
QMC t U

(t) (U)

Hubbard-Stratonovich

After integrate out the “free” fermions, 
sample {𝜎} with the Metropolis algorithm



Comment on quantum Monte Carlo Simulations

  
      Kondo Mott

 “ ” 
     
     “ ”
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Phys. Rev. E  95, 031301 (2017)

Restricted Boltzmann Machine�

E({xi},{hj}) = aixi
i
∑ + bjhj
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∑ + xiWijhj
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e−HRBM (h) ≡ e−E ({xi },{hj })
{xi }
∑
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Trial wave function/variational method 
Gutzwiller/BCS/Laughlin/…



Construct trial wave function using neural network

 An well-known example of the trial wave functions

 The neural network as a trial wave function

The	goal	is	to	find	a	good	approxima0on	of	the	ground	state	wave	func0on
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Unusual richness of 
strongly correlated materials !!!

 Various approaches to solve correlated electron systems
 weak correlation: density functional theory (DFT); extension of DFT?
 strong correlation: NRG/DMRG/TNRG; MC/QMC/CTQMC

 Each method has its own advantages and problems
 computational cost, dimensionality, sign problem, uncontrolled approximation

 It is demanding in order to settle down the already exhausting debates
 Too many uncertainties, no consensus so far; is machine learning useful?

Summary
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局域 versus 巡游


