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 Historic development of Kondo
✓ (19th Century) Electron behavior @ T➔0
✓ Liquification & Resistance measurement
✓ 1911-1957 Superconductivity EXP➔THEO
✓ 1934 Resistivity minima
✓ 1964 Kondo effect (logarithmic resistivity)
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The	impurity	resis-vity:�

The	first	term	is	the	phonon	contribu-on,	the	second	
term	 is	 the	 temperature	 independent	 contribu-on	
from	 the	 impurity	 sca9ering	 and	 the	 final	 term	 the	
third	order	contribu-on	from	the	spin	sca9ering	with	
the	local	moment.�
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 Historic development of Kondo
✓ (19th Century) Electron behavior @ T➔0
✓ Liquification & Resistance measurement
✓ 1911-1957 Superconductivity EXP➔THEO
✓ 1934-1964 Kondo effect EXP➔THEO
✓ Many approaches: EOM, NRG, QMC …

Kondo & Kondo Lattice

 Historic development of heavy fermions

✓ CeAl3 @ 1975 @ 𝛾=1.62 J/mol K2

✓ Ce, Yb, U, …, 4f/5f intermetallics

Universality

CeAl3 ~ 2000

1 100 1000

> 50

m*/me

/



Kondo & Kondo Lattice

 Historic development of heavy fermions

✓ CeAl3 𝛾=1.62 J/mol K2 @1975
✓ CeCu2Si2 Tc=0.5 K @1979
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 Historic development of heavy fermions

✓ CeAl3 𝛾=1.62 J/mol K2 @1975
✓ CeCu2Si2 Tc=0.5 K @1979

Serials� Compounds� 	(�� � � nodes�

�)��
��(AFM	
SC)�

CeCu2Si2� 0.6-0.7� 1000� No�

CeCu2Ge2� 0.64(10.1GPa)� 200� ��

CePd2Si2� 0.43	(3GPa)� 65� ��

CeRh2Si2� 0.42	(1.06GPa)� 23� ��

CeAu2Si2� 2.5K(22.5GPa)� -� -�
CeNi2Ge2� 0.3� 350� ��

CenMmIn3n+2m	
(AFM	SC)�

CeIn3� 0.23	(2.46GPa)� 140� Line�
CeIrIn5� 0.4� 750� Line�
CeCoIn5� 2.3� 250� Line�
CeRhIn5� 2.4	(2.3GPa)� 430� ��

CePt2In7� 2.3	(3.1GPa)� 340� ��

Ce2RhIn8� 2.0	(2.3GPa)� 400� ��

Ce2PdIn8� 0.68� 550� Line�
Ce2CoIn8� 0.4� 500� -	�

Ce3PdIn11� 0.42� 290� ��

Ce-based	non-
centresymmet

ric	SC�

CePt3Si� 0.75� 390� Line�

CeIrSi3� 1.65	(2.5GPa)� 120� ��

CeRhSi3� 1.0	(2.6GPa)� 120� ��

CeCoGe3� 0.69	(6.5GPa)� 32� ��

Other	Ce-
based	AFM	SC�

CeNiGe3� 0.43	(6.8GPa)� 45� ��

Ce2Ni3Ge5� 0.26	(4.0GPa)� 90� ��

CePd5Al2� 0.57	(10.8GPa)� 56� ��

Serials� Compounds� 	(�� � � nodes�

U-based	AFM	SC�

UPd2Al3� 2.0� 210� Line�
UNi2Al3� 1.06� 120� ��

UBe13� 0.95� 1000� No�
U6Fe� 3.8� 157� ��

UPt3� 0.53,	0.48� 440� Line,	Point�

U-based	FM	SC�

UGe2� 0.8	(~1.2GPa)� 34� Line�
URhGe� 0.3� 164� ��
UCoGe� 0.6� 57� Point�
UIr� 0.15	(~2.6GPa)� 49� ��

U2PtC2� 1.47� 150� ��

Hidden	order	SC� URu2Si2� 1.5� 70� Line�

Pr-based	SC�
PrOs4Sb12� 1.85� 500� ��

PrTi2Al20� 0.2,	1.1(8.7GPa)� 100� ��

PrV2Al20� 0.05� 90� ��

Pu-based	SC	
(Pu-115)�

PuCoGa5� 18.5� 77� Line�
PuCoIn5� 2.5� 200� Line�
PuRhGa5� 8.7� 70� Line�
PuRhIn5� 1.6� 350� Line�

Np-based	SC� NpPd5Al2� 4.9� 200� Point�

Yb-based	SC�
β-YbAlB4� 0.08� 150� -�
YbRh2Si2� 0.002� -� ��

(γ——
mJ·mol-1·K-2)	
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U-based	AFM	SC�

UPd2Al3� 2.0� 210� Line�
UNi2Al3� 1.06� 120� ��

UBe13� 0.95� 1000� No�
U6Fe� 3.8� 157� ��

UPt3� 0.53,	0.48� 440� Line,	Point�

U-based	FM	SC�

UGe2� 0.8	(~1.2GPa)� 34� Line�
URhGe� 0.3� 164� ��
UCoGe� 0.6� 57� Point�
UIr� 0.15	(~2.6GPa)� 49� ��

U2PtC2� 1.47� 150� ��

Hidden	order	SC� URu2Si2� 1.5� 70� Line�

Pr-based	SC�
PrOs4Sb12� 1.85� 500� ��

PrTi2Al20� 0.2,	1.1(8.7GPa)� 100� ��

PrV2Al20� 0.05� 90� ��

Pu-based	SC	
(Pu-115)�

PuCoGa5� 18.5� 77� Line�
PuCoIn5� 2.5� 200� Line�
PuRhGa5� 8.7� 70� Line�
PuRhIn5� 1.6� 350� Line�

Np-based	SC� NpPd5Al2� 4.9� 200� Point�

Yb-based	SC�
β-YbAlB4� 0.08� 150� -�
YbRh2Si2� 0.002� -� ��

(γ——
mJ·mol-1·K-2)	

(F.$Steglich,$PPT)�

Discovery of HF Superconductors 

���	�	���
�����	���������������

UPt3



Kondo & Kondo Lattice

 Historic development of heavy fermions

✓ CeAl3 𝛾=1.62 J/mol K2 @1975
✓ CeCu2Si2 Tc=0.5 K @1979
✓ URu2Si2 Hidden order @1985

� Weak%itinerant%antiferromagnetism

� Static%CDW\SDW%transition

� Local%U7moment%antiferromagnet

����������������
����
��	����	

	
 ������

	� �������

3"interpretations"on"magnetic"transition(T0)

(T.%T.%M.%Palstra%et%al,%PRL%55,%2727(1985))

(M.%B.%Maple%et%al,%PRL%56,%185(1986))

(W.%Schlabitz%et%al,%Z.%Phys.%B%62,%171(1986))

URu2Si2:(me+reversal1symmetry1broken1in1SC�

Polar&Kerr&effect�

(E.1R.1Schemm1et1al,1PRB,191,1140506(R)
(2015))�

•  Polar1Kerr1effect:1(me+reversal1symmetry1broken1in1superconduc(vity.�

URu2Si2:(nema-city�

•  42fold(rota-on(symmetry(broken(into(22fold(rota-on(symmetry(in(in2plane(
suscep-bility(below(T<THO,(which(was(aCributed(to(spin(nema-city.�

URu2Si2:(Hidden(order(theory)�
Theories((recent(contribu8on)�

(J.(A.(Mydosh,(P.(M.(Oppeneer,(Phil.(Mag.(94,(3642
(2014))�

Proposals(of(mul8pole(
magne8c(ordering(for(HO�



Kondo & Kondo Lattice

 Historic development of heavy fermions

✓ CeAl3 𝛾=1.62 J/mol K2 @1975
✓ CeCu2Si2 Tc=0.5 K @1979
✓ URu2Si2 Hidden order @1985
✓ Ce3Bi4Pt3 Kondo insulator @1992
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hybridization

Kondo-insulator

(G.-Aeppli,-Z.-Fisk,-Comment.-Cond.-Mat.-
Phys.-16,-155(1992))

Ce3Bi4Pt3



Kondo & Kondo Lattice

 Historic development of heavy fermions

✓ CeAl3 𝛾=1.62 J/mol K2 @1975
✓ CeCu2Si2 Tc=0.5 K @1979
✓ URu2Si2 Hidden order @1985
✓ Ce3Bi4Pt3 Kondo insulator @1992
✓ SmB6 Topological KI @2008

Topological)surface)states)in)SmB6�

(N.)Xu)et)al,)ncomms)5,)4566(2014))� (J.)Jiang)et)al,)ncomms)4,)2010(2013))�



Kondo & Kondo Lattice

 Historic development of heavy fermions

✓ CeAl3 𝛾=1.62 J/mol K2 @1975
✓ CeCu2Si2 Tc=0.5 K @1979
✓ URu2Si2 Hidden order @1985
✓ Ce3Bi4Pt3 Kondo insulator @1992
✓ SmB6 Topological KI @2008

 Historic development of Kondo
✓ (19th Century) Electron behavior @ T➔0
✓ Liquification & Resistance measurement
✓ 1911-1957 Superconductivity EXP➔THEO
✓ 1934-1964 Kondo effect EXP➔THEO
✓ Many approaches: EOM, NRG, QMC …

Universality

Topological)surface)states)in)SmB6�

(N.)Xu)et)al,)ncomms)5,)4566(2014))� (J.)Jiang)et)al,)ncomms)4,)2010(2013))�

���	�	���
�����	���������������

UPt3



Kondo & Kondo Lattice

 Historic development of heavy fermions

✓ CeAl3 𝛾=1.62 J/mol K2 @1975
✓ CeCu2Si2 Tc=0.5 K @1979
✓ URu2Si2 Hidden order @1985
✓ Ce3Bi4Pt3 Kondo insulator @1992
✓ SmB6 Topological KI @2008

 Historic development of Kondo
✓ (19th Century) Electron behavior @ T➔0
✓ Liquification & Resistance measurement
✓ 1911-1957 Superconductivity EXP➔THEO
✓ 1934-1964 Kondo effect EXP➔THEO
✓ Many approaches: EOM, NRG, QMC …

Incoherent Kondo Scattering
above TK

Incoherent Kondo Scattering
above T*

Ce: Ground state doublet



Kondo & Kondo Lattice

 Historic development of heavy fermions

✓ CeAl3 𝛾=1.62 J/mol K2 @1975
✓ CeCu2Si2 Tc=0.5 K @1979
✓ URu2Si2 Hidden order @1985
✓ Ce3Bi4Pt3 Kondo insulator @1992
✓ SmB6 Topological KI @2008

 Historic development of Kondo
✓ (19th Century) Electron behavior @ T➔0
✓ Liquification & Resistance measurement
✓ 1911-1957 Superconductivity EXP➔THEO
✓ 1934-1964 Kondo effect EXP➔THEO
✓ Many approaches: EOM, NRG, QMC …

Coherent Kondo Screening
below TK

Coherent behavior
below T*



 

Hybridization Coherence



Mean-field theory & DMFT
 Mean-field theory & Hybridization

✓ Lattice coherence @ T<T*
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Mean-field theory & DMFT
 Mean-field theory & Hybridization

✓ Lattice coherence @ T<T*
✓ Hybridization & FS change
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Mean-field theory & DMFT
 Mean-field theory & Hybridization

✓ Lattice coherence @ T<T*
✓ Hybridization & FS change
✓ Optical & Hybridization gap



Mean-field theory & DMFT
 Mean-field theory & Hybridization

✓ Lattice coherence @ T<T*
✓ Hybridization & FS change
✓ Optical & Hybridization gap
✓ Kondo insulator
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Mean-field theory & DMFT

k�

εk� conduc&on	
band�

localized	
f	band�

µ�
hybridiza&on�

Unhybridized	band�

k�

εk�

µ*�

Kondo	insulator�

Heavy	fermion
	superconductors�

Topological	Kondo
	insulator�

SOC�

k�

εk�

µ*�

Heavy	fermion	metals�

 Mean-field theory & Hybridization

✓ Lattice coherence @ T<T*
✓ Hybridization & FS change
✓ Optical & Hybridization gap
✓ Ground state: KI & SC & TKI & SL …

Static Hybridization, only below T*



Mean-field theory & DMFT
 DMFT & Coherence/Duality

✓ Dynamic fluctuations @ T>T* 
✓ Local/Itinerant crossover @ T<T*
✓ Development of coherence @ T<T*
✓ Short range correlation (Extended) 

 Mean-field theory & Hybridization

✓ Lattice coherence @ T<T*
✓ Hybridization & FS change
✓ Optical & Hybridization gap
✓ Ground state: KI & SC & TKI & SL …

No long range magnetic correlations
Hard to describe quantum criticality

Universality



Quantum criticality & Non-Fermi liquid

 Quantum criticality @ low T
✓ RKKY & Magnetism

!"#$%&'(#)*)*&+$&,$)"#$-../$*+)#01%)*&+2!-../3$
1+4$.&+4&$#,,#%)2!.3$4#(#+4$&+$)"#$5)0#+6)"$
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RKKY

HKLM =
�

k�

c†k�ck� + J
�

i

Si · si + JRKKY

�

�ij⇥

Si · Sj

Kondo	effect� RKKY	interac/on�

TRKKY	~ Jρ2�TK	~ ρ-1e-1/J ρ�

HKL = JH
X

hiji

Si · Sj + JK
X

i

si · Si +
X

k�

✏k�c
†
k�ck�



Quantum criticality & Non-Fermi liquid

 Quantum criticality @ low T
✓ RKKY & Magnetism
✓ SDW scenario (Hertz/Millis/Moriya)SDW$type)quantum)cri2cality:)CeIn3�

Consistent)with)SDW)
quantum)cri2cal))theory�

(Mathur)et)al,)Nature,)394,%39(1998)))Long-wavelength Spin density wave (SDW) fluctuations

Power-law scaling in resistivity, specific heat, susceptibility
Peak at finite wave vector in dynamic susceptibility
No ω/T scaling …

The SDW predictions are violated



Quantum criticality & Non-Fermi liquid

 Quantum criticality @ low T
✓ RKKY & Magnetism
✓ SDW scenario (Hertz/Millis/Moriya)
✓ Kondo breakdown @2001

The SDW predictions are violated

AFM quantum phase transition
accompanied with 

suppression of Kondo screening
(Fermi surface change)



Quantum criticality & Non-Fermi liquid

 Quantum criticality @ low T
✓ RKKY & Magnetism
✓ SDW scenario (Hertz/Millis/Moriya)
✓ Kondo breakdown @2001
✓ Fractionalization @2004

The SDW predictions are violated

Fractionalized excitations near QCP
spinon/spinon SDW …



Quantum criticality & Non-Fermi liquid

 Quantum criticality @ low T
✓ RKKY & Magnetism
✓ SDW scenario (Hertz/Millis/Moriya)
✓ Kondo breakdown @2001
✓ Fractionalization @2004
✓ Critical valence fluctuations @2010

Valence transition & abrupt FS change
with hybridization on both sides

The SDW predictions are violated



 Quantum criticality @ low T

✓ RKKY & Magnetism
✓ SDW scenario (Hertz/Millis/Moriya)
✓ Kondo breakdown @2001
✓ Fractionalization @2004
✓ Critical valence fluctuations @2010
✓ Critical quasiparticle @2011

Quantum criticality & Non-Fermi liquid

Heavy quasiparticles still exist
but become critical: N(E) ~ |E|𝜶

The SDW predictions are violated



 Quantum criticality @ low T
✓ RKKY & Magnetism
✓ SDW scenario (Hertz/Millis/Moriya)
✓ Kondo breakdown @2001
✓ Fractionalization @2004
✓ Critical valence fluctuations @2010
✓ Critical quasiparticle @2011
✓ Magnetic & hybridization fluc. @2017

Quantum criticality & Non-Fermi liquid

Interplay of two types of
quantum critical fluctuations

The SDW predictions are violated



Quantum criticality & Non-Fermi liquid

 Non-Fermi liquid @ high T
✓ Onset of coherence (What is T*?)
✓ Local/Itinerant crossover (Two fluids?)
✓ New scaling (Different from Kondo?)
✓ Two types of quantum fluctuations?

 Quantum criticality @ low T
✓ RKKY & Magnetism
✓ SDW scenario (Hertz/Millis/Moriya)
✓ Kondo breakdown @2001
✓ Fractionalization @2004
✓ Critical valence fluctuations @2010
✓ Critical quasiparticle @2011
✓ Magnetic & hybridization fluc. @2017



Quantum criticality & Non-Fermi liquid

 Non-Fermi liquid @ high T
✓ Onset of coherence (What is T*?)

T ⇤ = cJ2�

Kondo or RKKY ?

In mean-field theory or DMFT, the onset 
of coherence is given by the Kondo scale!



Quantum criticality & Non-Fermi liquid

 Non-Fermi liquid @ high T
✓ Onset of coherence (What is T*?)
✓ Localized/Itinerant crossover (Two fluids?)

Localized f-moments

Localized Itinerant
What is different above & below T*?
Local vs collective hybridization?



Quantum criticality & Non-Fermi liquid

 Non-Fermi liquid @ high T
✓ Onset of coherence (What is T*?)
✓ Local/Itinerant crossover (Two fluids?)
✓ New scaling (Different from Kondo?)Different from Kondo scaling

Hence Kondo lattice physics is different
from the single-ion Kondo physics!



Quantum criticality & Non-Fermi liquid

 Non-Fermi liquid @ high T
✓ Onset of coherence (What is T*?)
✓ Local/Itinerant crossover (Two fluids?)
✓ New scaling (Different from Kondo?)
✓ Two types of quantum fluctuations?

Heavy fermion physics determined by 
interplay of two types of QC fluctuations?



Quantum criticality & Non-Fermi liquid

 Non-Fermi liquid @ high T
✓ Onset of coherence (What is T*?)
✓ Local/Itinerant crossover (Two fluids?)
✓ New scaling (Different from Kondo?)
✓ Two types of quantum fluctuations?

 Quantum criticality @ low T
✓ RKKY & Magnetism
✓ SDW scenario (Hertz/Millis/Moriya)
✓ Kondo breakdown @2001
✓ Fractionalization @2004
✓ Critical valence fluctuations @2010
✓ Critical quasiparticle @2011
✓ Magnetic & hybridization fluc. @2017 New Quantum Critical Matter

SC, Hidden order, TI …



Schematic Understanding of Heavy Fermion Concepts

Local/Itinerant crossover
DMFT

Mean-fieldOptical Kondo Kondo lattice

Magnetism Quantum criticalityARPES



Future directions of heavy fermion research

http://hf.iphy.ac.cn
2017 第四届重费米子论坛@四川江油

 Explore the basic nature of heavy fermion physics
       We are approaching the final answer of the questions:
     local/itinerant duality & interplay of various QC fluctuations

 Find new frontiers: “Heavy fermion +” 
     Topological, Weyl, frustration, new exotic phases … 
     Thin film, superstructure, cold atoms, d-electron systems …

 Implement state-of-the-art techniques
     ARPES, STM, MBE, pump probe, ultrasound …

Topological)surface)states)in)SmB6�

(N.)Xu)et)al,)ncomms)5,)4566(2014))� (J.)Jiang)et)al,)ncomms)4,)2010(2013))�




